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ABSTRACT
The boundary value problem involving the magnetohydrodynamic ballooning 
equation,
(1 + x2 )d2y/dx2 + 2xdy/dx - ( X + ^ ’(l + x2 ) - ^ ( 1  + x2 ))y = 0, x « R,
with boundary conditions y — > 0 as x — >îoq , arises from a study of 
the stability of disturbances in a magnetically confined plasma.
In order to facilitate the analysis, the equation is transformed to 
Schrodinger form,
Y" + [ X -  q(x)]Y = 0
q(x) £ R, with the same boundary conditions and the results of 
Titchmarsh applied. Two cases are examined, The first with S ' = 0 
(modified Legendre equation) and the second with~<*> 0. In both cases 
the Titchmarsh-Weyl coefficients m( x) are constructed and their 
singularities examined. The singularities yield expressions for the 
eigenvalues of the problem. In the second case the expressions involve 
the joining factors of the spheroidal equation, K^(>.) and K ^ f ). 
which join solutions at infinity with solutions about ¿1. For the case 
'£ '>  0, the limit of mC X  ) as X 1-— > 0, is shown to be the m(>» ) 
coefficient in the case "4,‘= 0.
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INTRODUCTION
T h i s  t h e s i s  c o n c e r n s  i t s e l f  w i t h  a p r o b l e m  wh i c h  a r i s e s  
p h y s i c a l l y  a s  a r e s u l t  o f  t h e  a t t e m p t  t o  c o n t a i n  an 
e x t r e m e l y  h o t  i o n i s e d  g a s  u s i n g  m a g n e t i c  f o r c e s .  The 
i o n i s e d  g a s  o r  p l a s m a  i s  h y d r o g e n ,  h e a t e d  t o  a few m i l l i o n  
d e g r e e s  C e l s i u s .  I f  s u c h  a p l a s m a  i s  c o m p r e s s e d  
s u f f i c i e n t l y ,  i t  w i l l  u n d e r g o  n u c l e a r  f u s i o n  t o  p r o d u c e  
h e l i u m  and  e n o r m o u s  q u a n t i t i e s  o f  e n e r g y .  T h i s  e n e r g y ,  i n  
t h e  form o f  h e a t ,  c a n  be u s e d  t o  p r o d u c e  s t e a m  w h i c h  i n  
t u r n  d r i v e s  g e n e r a t o r s ,  t h u s  p r o d u c i n g  e l e c t r i c i t y .  T h i s  
i s  a r e l a t i v e l y  c l e a n  s o u r c e  o f  e n e r g y  a n d  t h e  f u e l ,  
h y d r o g e n ,  i s  a b u n d a n t  i n  s e a  w a t e r .
B e c a u s e  o f  t h e  h i g h  t e m p e r a t u r e  o f  t h e  p l a s m a ,  no m a t e r i a l  
c o u l d  c o n t a i n  i t  w i t h o u t  b e i n g  i t s e l f  v a p o u r i s e d .  However  
t h e  p l a s m a  i s  c o mp o s e d  o f  c h a r g e d  p a r t i c l e s  ( e l e c t r o n s  and 
p o s i t i v e l y  c h a r g e d  i o n s )  and  t h e r e f o r e  f e e l s  t h e  e f f e c t s  
o f  e l e c t r o m a g n e t i c  f o r c e  f i e l d s .  I n  p r a c t i c e ,  m a g n e t i c  
f o r c e s  a r e  u s e d  t o  c o n t a i n  t h e  p l a s m a  i n  a " m a g n e t i c  
b o t t l e " ,  f o r  s u f f i c i e n t  t i m e  t o  a l l o w  t h e  p l a s m a  t o  be 
h e a t e d  s o  t h a t  f u s i o n  c a n  t a k e  p l a c e .  P r a c t i c a l  d e v i c e s  
h a v e  b e e n  b u i l t  w h i c h  t r y  t o  a c h i e v e  t h e s e  c o n d i t i o n s ,  b u t  
u n f o r t u n a t e l y ,  t h e y  a r e  a l l  s u b j e c t  t o  l i m i t a t i o n s ,  due  t o  
i n s t a b i l i t i e s -  i n  t h e  p l a s m a ,  w h i c h  gr ow w i t h  i n c r e a s e d  
p o we r  i n p u t .  The i n s t a b i l i t i e s  l e a d  t o  a b r e a k d o w n  o f  t h e  
c o n f i n i n g  f i e l d  a n d  e s c a p e  o f  t h e  p l a s m a .  T h i s  l i m i t s  t h e
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p owe r  o u t p u t  o f  s u c h  d e v i c e s  t o  l e v e l s  wh i c h  a r e  u n e c o n o m­
i c a l  f o r  c o m m e r c i a l  p u r p o s e s .  The o r i g i n  and  p r o p e r t i e s  o f  
t h e s e  i n s t a b i l i t i e s  a r e  t h u s  key q u e s t i o n s  t o  be  a n s w e r e d  
i n  a s s e s s i n g  t h e  v i a b i l i t y  o f  a c o n t r o l l e d ,  n u c l e a r  f u s i o n  
d e v i c e .
I n  o r d e r  t o  d e c r i b e  t h e  i n s t a b i l i t i e s  a mo d e l  i s  r e q u i r e d .  
The mode l  i s  i n  t h e  f o r m o f  a p l a s m a  s l a b  o f  i n f i n i t e  e x ­
t e n t .  T h i s  i s  a n  i d e a l i s a t i o n  o f  p r a c t i c a l  d e v i c e s ,  wh i c h  
t y p i c a l l y  h a v e  a t o r o i d a l  g e o m e t r y  ( t h e  T o k a m a k s ) .  I n  t h e  
c a s e  o f  t h e  T o k a m a k s ,  t h e  m a g n e t i c  " w a l l s "  d e v e l o p  we a k ­
n e s s e s  s i m i l a r  t o  t h e  b a l l o o n i n g  e x p e r i e n c e d  i n  r u b b e r  
i n n e r  t u b e s  o r  t o  a n e u r y s m s  i n  b l o o d  v e s s e l s .  A r a d i a l  
( c e n t r i p e t a l )  f o r c e  i s  r e q u i r e d  i n  t h i s  c a s e  t o  c o n s t r a i n  
t h e  p l a s m a  t o  a c i r c u l a r  p a t h .  T h i s  f o r c e  c a n  be  s i m u l a t e d  
i n  t h e  p l a n e  s l a b  m o d e l ,  by a u n i f o r m  g r a v i t a t i o n a l  f o r c e  
f . i e l d  a c t i n g  p e r p e n d i c u l a r l y  t o  t h e  p l a n e  s u r f a c e s  o f  t h e  
s l a b  a n d  t o  t h e  a p p l i e d  m a g n e t i c  f i e l d .
THE BASIC EQUATIONS
The b a s i c  e q u a t i o n s  o f  r e s i s t i v e  M a g n e t o h y d r o d y n a m i c s , 
u n d e r  t h e  c o n d i t i o n s  o f  l ow p l a s m a  d e n s i t y  a n d  o v e r  t i m e  
i n t e r v a l s  w h e r e  t h e r e  i s  a s s u me d  t o  be  no s i g n i f i c a n t  h e a t  
t r a n s f e r ,  a r e  g i v e n  i n  [ 1 1 ] t o  be
( 1 . 1 )
O (1 .2 )
O (1.3)
2
The s y m b o l s  h a v e  t h e i r  u s u a l  me a n i n g  a n d  cA /«It - V 'b t +'£.V
Ohm' s  Law h a s  t h e  f o r m
( 1 . 4 )
a n d  t h e  t r u n c a t e d  M a x w e l l ' s  e q u a t i o n s  a r e
( 1 . 5 )
Co mb i n i n g  ( 1 . 4 )  a nd  ( 1 . 5 )  y i e l d s  t h e  i n d u c t i o n  e q u a t i o n ,  
wh i c h  d e s c r i b e s  t h e  r a t e  o f  c h a n g e  o f  £  due  t o  t h e  m o t i o n  
o f  t h e  p l a s m a  and  r e s i s t i v e  d i f f u s i o n .
The f i r s t  t e r m  m e a s u r e s  t h e  e f f e c t  on t h e  m a g n e t i c  f i e l d  J3 
o f  c o n v e c t i v e  m o t i o n  i n  t h e  p l a s m a .  The s e c o n d  t e r m  
m e a s u r e s  t h e  e f f e c t s  o f  d i f f u s i o n  due  t o  t h e  r e s i s t i v i t y  
o f  t h e  p l a s m a .  The s i m i l a r i t y  b e t w e e n  ( 1 . 6 )  and e q u a t i o n s  
i n  t h e  h y d r o d y n a m i c s  o f  v i s c o u s  and  i n c o m p r e s s i b l e  f l u i d s  
a l l o w s  one  t o  u s e  many o f  t h e  c o n c l u s i o n s  o f  h y d r o d y n a m i c s ,  
i n  p a r t i c u l a r  one  c a n  d e f i n e  a m a g n e t i c  R e y n o l d s  n u mb e r ,
(1 .6 )
-  S 7 *  (S c  *  + -
v) C o n s t a n t .
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a n a l o g o u s  t o  t h e  R e y n o l d s  numbe r  i n  h y d r o d y n a m i c s  wh i c h  
m e a s u r e s  t h e  r a t i o  o f  t h e  i n e r t i a l  ( c o n v e c t i v e )  f o r c e s  t o  
t h e  v i s c o u s  f o r c e s .  F o r  ( 1 . 6 )  t h e  r a t i o  o f  t h e  m a g n i t u d e  
o f  t h e  t wo t e r m s ,  one  c o n v e c t i v e ,  one  r e s i t i v e  d e f i n e s  t h e  
m a g n e t i c  R e y n o l d s  n u mb e r .
1 2 -  V ' a l1 u ^ r  ^  *
V a nd  a a r e  a c h a r a c t e r i s t i c  v e l o c i t y  a n d  d i m e n s i o n  o f  t h e  
p a r t i c u l a r  p r o b l e m .
I f  vj  = 0 ( t h e  c a s e  o f  an i n f i n i t e l y  c o n d u c t i n g  p l a s m a )  
t h e n  s -*• oq a nd  t h e  f i r s t  t e r m  i n  ( 1 . 6 )  d o m i n a t e s .  The 
e q u a t i o n  now r e p r e s e n t s  t h e  c a s e  o f  F l u x - f r e e z i n g ,  wh e r e  
t h e  m a g n e t i c  f i e l d  l i n e s  a r e  c o n s t r a i n e d  t o  move w i t h  t h e  
p l a s m a .  As a r e s u l t  o f  t h i s ,  t h e y  p o s s e s s  an  e f f e c t i v e  
mass  a nd  b e h a v e  l i k e  s t r e t c h e d  e l a s t i c  s t r i n g ,  a l l o w i n g  
t h e  p r o p a g a t i o n  o f  t r a n s v e r s e  wa ves  a l o n g  t h e  l i n e s  o f  
f o r c e .  The s p e e d  a t  wh i c h  t h e s e  wa ves  t r a v e l  i s  f o u n d  t o  
be
\ J K =  U / C U T V ^  ' f *
a nd  i s  known a s  t h e  A l f v e n  wave s p e e d ,  s e e  [ 1 ]  [ 3 ]  and
[ 1 1 ] .  T h i s  a l l o w s  us  t o  d e f i n e  a b a s i c  t i m e  s c a l e
( The  h y d r o d y n a m i c  t i m e  s c a l e )
^  =  Ol (.UW
on wh i c h  d i s t u r b a n c e s  i n  t h e  p l a s m a  p r o p a g a t e  a l o n g  t h e  
f i e l d .  "XM c a n  v a r y  e n o r m o u s l y ,  d e p e n d i n g  on t h e  p r o b l e m  
c o n s i d e r e d ,  b u t  i n  L a b o r a t o r y  f u s i o n  p l a s m a s  ^  ~
T h i s  s h o r t n e s s  i m p l i e s  t h a t  d i s t u r b a n c e s  w i l l  p r o p a g a t e  
v e r y  r a p i d l y  t h r o u g h  t h e  p l a s m a  and  i f  i n c l i n e d  t o  g r o w,
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wo u l d  do s o  v e r y  q u i c k l y .  T h i s  i s  p a r t l y  t h e  r e a s o n  why 
M a g n e t o h y d r o d y n a m i c  i n s t a b i l i t i e s  i m p o s e  s u c h  a s e v e r e  
l i m i t a t i o n  on t h e r m o n u c l e a r  f u s i o n  p l a s m a  c o n f i n e m e n t .  I f  
s 1 t h e n  ( 1 . 6 ) i s  b a s i c a l l y  t h e  r e s i s t i v e  d i f f u s i o n  
e q u a t i o n
~  UTi -
T h i s  h a s  a c h a r a c t e r i s t i c  d i f f u s i o n  t i m e  - t v  =  <•<■« .
T h i s  t i m e  s c a l e  a g a i n  v a r i e s  c o n s i d e r a b l y ,  d e p e n d i n g  on 
t h e  p r o b l e m  u n d e r  c o n s i d e r a t i o n ,  f o r  l a b o r a t o r y  t h e r m o ­
n u c l e a r  f u s i o n  p l a s m a s  T n ~ l  -  10 m s e c s .
The r a t i o  o f  t h e  t wo t i m e  s c a l e s
i s  t h e  m a g n e t i c  R e y n o l d s  numbe r  w i t h  \J* t h e  A l f v e n  wave 
s p e e d .  I t  i s  an i m p o r t a n t  q u a n t i t y  i n  r e s i s t i v e  i n s t a b i l i t y  
t h e o r y .  I n  t h e  c a s e  o f  p l a s m a s  g e n e r a t e d  i n  l a b o r a t o r y  
f u s i o n  e x p e r i m e n t s ,  S i s  l a r g e  - i n  t h e  r a n g e  1 0 3 -  1 0 7 .
The s i g n i f i c a n c e  o f  t h i s  i s  t h a t  r e s i s t i v e  d i f f u s i o n  
e f f e c t s  a r e  s m a l l  a n d  t h e  c o n d i t i o n  o f  f l u x - f r e e z i n g  c o n ­
s i d e r e d  t o  h o l d  t o  good  a p p r o x i m a t i o n .
I f  one  l a y e r  o f  p l a s m a  w i t h  d e n s i t y  ^  , i s  s u p p o r t e d  
a g a i n s t  g r a v i t y  by a n o t h e r  l a y e r ,  wh o s e  d e n s i t y  i s  l e s s  
t h a n  (d , t h e n  a n o t h e r  i n s t a b i l i t y  a n a l o g o u s  t o  t h e  
R a y l e i g h - T a y l o r  i n s t a b i l i t y  i n  an i n c o m p r e s s i b l e  f l u i d  c a n  
o c c u r .  The R a y l e i g h - T a y l o r  i n s t a b i l i t y  a r i s e s  i n  t h e  c a s e  
wh e r e  a h e a v i e r  l i q u i d  i s  s u p p o r t e d  a g a i n s t  g r a v i t y  by a 
l i g h t e r  l i q u i d .  I n  t h e  M a g n e t o h y d r o d y n a m i c  c a s e  a c h a r a c t ­
e r i s t i c  t i m e  s c a l e  e x i s t s  wh e r e
a n d  ^  i s  t h e  a d v e r s e  d e n s i t y  g r a d i e n t .  I n  a h i g h l y
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c o n d u c t i n g  p l a s m a ,  c o n f i n e d  by a s h e a r e d ,  m a g n e t i c  f i e l d  
i n  t h e  p r e s e n c e  o f  a g r a v i t a t i o n a l  a c c e l e r a t i o n ,  a c t i n g  
n o r m a l  t o  t h e  m a g n e t i c  s u r f a c e s ,  t h e  i n s t a b i l i t i e s , c a l l e d  
t h e  t e a r i n g ,  r i p p l i n g  a nd  r e s i s t i v e  g - mo d e s  w i l l  be 
c h a r a c t e r i s e d  by t i m e  s c a l e s  wh i c h  d e p e n d  on t h e  t h r e e  
c h a r a c t e r i s t i c  t i m e  s c a l e s ,  and  %  o f  t h e  p r o b l e m .
The t i m e  s c a l e  r  on wh i c h  t h e s e  i n s t a b i l i t i e s  grow i n  t h e  
l i n e a r  d o m a i n ,  i s  f o u n d  t o  s c a l e  l i k e
v  ~  ' r , r  T „ k
wh e r e  a ,  b,  c a r e  f r a c t i o n a l  p o w e r s  and l a l , \ b l < l .
As c a n  be s e e n  f r om t h e  a b o v e  a d i s t u r b a n c e  c a n  p r o p a g a t e  
by a numbe r  o f  d i f f e r e n t  means  t h r o u g h  t h e  p l a s m a  a t  
d i f f e r e n t  r a t e s  a nd  a l l  o f  i t  d e p e n d i n g  on t h e  e q u i l i b r i u m  
s t a t e  o f  t h e  p l a s m a .
The n e x t  s t e p  i n  t h e  s t a b i l i t y  a n a l y s i s  o f  t h e  mo d e l ,  upon 
d e c i d i n g  on t h e  e q u i l i b r i u m  s t a t e ,  i s  t o  p e r t u r b  t h e  s t a t e  
and  d e r i v e  an e x p r e s s i o n  f o r  t h e  g r o w t h  r a t e  o f  t h e  p e r ­
t u r b a t i o n .  A n a l y s i s  o f  t h i s  e x p r e s s i o n  w i l l  r e v e a l  t h e  
c o n d i t i o n s  f o r  u n f a v o u r a b l e  g r o w t h  r a t e s  a nd  t h e  c h a r a c t e r ­
i s t i c  t i m e  f o r  t h e i r  p r o p a g a t i o n .  The e x p r e s s i o n  t y p i c a l l y  
i s  a b o u n d a r y  v a l u e  p r o b l e m  and  i n  an  i m p o r t a n t  s e t  o f  e x ­
a m p l e s  t h e  b o u n d a r y  v a l u e  p r o b l e m  t u r n s  o u t  t o  be a f o r m o f  
t h e  o b l a t e  s p h e r o i d a l  e q u a t i o n  whose  p r o p e r t i e s  a r e  t h e  
c o n c e r n  o f  t h e  r e m a i n i n g  c h a p t e r s  o f  t h i s  wor k .
AN EXAMPLE LEADING TO THE SPHEROIDAL EQUATION 
We w i l l  c h o o s e  a s  o u r  mo d e l  t h e  p l a n e  s l a b  w i t h  an i n f i n ­
i t e l y  c o n d u c t i n g  p l a s m a  ( V) = 0 ) .  The e q u i l i b r i u m  m a g n e t i c
f i e l d  B = [B ( y ) ,  0,  B ( y ) ] .  The e q u i l i b r i u m  —o ox oz
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d e n s i t y  < ^ ( y ) v a r i e s  i n  t h e  v e r t i c a l  y - d i r e c t i o n  onl y ,
The g r a v i t a t i o n a l  a c c e l e r a t i o n  i s  g = ge,v* . Assume a 
s t a t i o n a r y  e q u i l i b r i u m  ( V 6 ^  0 ) .  P e r t u r b e d  q u a n t i t i e s
w i l l  be  w r i t t e n  a s  f  = f Q + f .  wh e r e  f  i s  t h e  e q u i ­
l i b r i u m  v a l u e  a nd  t h e  p e r t u r b i n g  v a l u e .  The e q u a t i o n s  
b e i n g  p e r t u r b e d  a r e  ( 1 . 1 )  ( u s e  ( 1 . 5 )  t o  e l i m i n a t e  j ) ,  ( 1 . 2 )  
and  ( 1 . 6 ) .  Terms  up t o  t h e  f i r s t  o r d e r  i n  t h e  p e r t u r b i n g  
q u a n t i t i e s  a r e  t a k e n ,  i . e  a s t a n d a r d  l i n e a r i s a t i o n  p r o c e s s ,  
s e e  [ 3 ,  C h . l ] .  We t h e n  l o o k  f o r  i n c o m p r e s s i b l e  modes
i . e .  O • The l i n e a r i s e d  f o r m o f  ( 1 . 1 )  i s
The t h i r d  t e r m  i s  t h e  e q u i l i b r i u m  t e r m  and  e q u a l s  z e r o .  
T a k i n g  t h e  c u r l  t h e n  e l i m i n a t e s  t h e  p r e s s u r e  t e r m  g i v i n g
-  v x ^ ( ( o , + ( . $ < . a . ? )
( 1 . 2 )  b e c o m e s :  _  o '  ( 1 . 8 )
( w h e r e  p r i m e  i n d i c a t e s  d i f f .  w . r . t .  y)  a nd  ( 1 . 6 ) w i t h  v) = 0 
b e c o me s  ^  _ —,
=  ( 1 . 9)
I n  a d d i t i o n  o f  c o u r s e A*
B e c a u s e  t h e  c o e f f i c i e n t s  o f  t h e  l i n e a r i s e d  e q u a t i o n s  a b o v e ,  
a r e  f u n c t i o n s  o f  y o n l y  ( i n d e p e n d e n t  o f  x ,  z and  t )  we c a n
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r e p r e s e n t  t h e  p e r t u r b e d  q u a n t i t i e s  by t h e i r  F o u r i e r  t r a n s ­
f o r ms  w h i c h  h a v e  t h e  f o r m
cL*.9>(iVoO<-4 ' ' vtv t  * ^  ") , ( 1 . 1 0 )
See  d e s c r i p t i o n  i n  [ 3 ,  C h . l ]  a nd  [ 1 1 ]
He r e  f ^  r e p r e s e n t s  any  p e r t u r b e d  q u a n t i t y .
k = [ k  , 0 , k ] i s  t h e  wave v e c t o r  i n  t h e  x -  z p l a n e
x z
and w  i s  t h e  g r o w t h  r a t e  o f  t h e  d i s t u r b a n c e . The o b j e c t  o f  
t h e  e x e r c i s e  i s  t o  d e r i v e  an e x p r e s s i o n  f o r  t h e  g r o w t h  
r a t e  o  , f r om wh i c h  t h e  s t a b i l i t y  o f  t h e  e q u i l i b r i u m  s t a t e  
may be d e t e r m i n e d .  B r o a d l y  s p e a k i n g ,  t h e  s y s t e m  i s  s a i d  t o  
be  s t a b l e  i f  t h e  r e a l  p a r t  o f  to i s  n e g a t i v e  f o r  a l l  k .  I f
i t  t u r n e d  o u t  t o  be  p o s i t i v e  f o r  e v e n  o n e  v a l u e  o f  k,  t h e n
i t  wou l d  be u n s t a b l e .  The d i s t u r b a n c e  g r o w i n g  w i t h  t i m e .
The i m a g i n a r y  p a r t  o f  , w i l l  d e t e r m i n e  w h e t h e r  t h e  s y s t e m  
i s  s u b j e c t  t o  o s c i l l a t i o n s .  N o n - z e r o  v a l u e s  o f  I m ( u i )  
i m p l y i n g  o s c i l l a t i o n s .
N o t e :  t h e  o p e r a t o r  C^o  .^ X , = x C v j , £,  and  i n  t h i s  c a s e
V- . Vi « -  • ( 1 . 1 1 )
E q u a t i o n  ( 1 . 8 )  now r e d u c e s  t o
) ( 1 . 1 2a)
and  t h e  y - c o m p o n e n t  o f  ( 1 . 9 )  i s
( 1 . 1 2 b)
P r o c e e d i n g  a s  i n  [ 1 1 ] ,  we o b t a i n  t h e  e q u a t i o n
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We a s s u me  t h e  d e n s i t y  i n h o m o g e n e i t y  t o  be  weak a n d  make 
t h e  B o u s s i n e s q  a p p r o x i m a t i o n  ( s e e  [ 3 ,  C h . 2 ] and  [ 1 1 ,  I I ] ) ,  
wh i c h  a s s u m e s  <^ tt( y )  t o  be c o n s t a n t ,  w h i l e  s t i l l  
r e t a i n i n g  i n  t h e  g r a v i t a t i o n a l  t e r m  on t h e  r i g h t .
( 1 . 1 3 )  t h e n  b e c o me s
+ <*■£ - g )\Th, - O  (1#14)
w h e r e  q u a n t i t i e s  h a v e  b e e n  n o r m a l i s e d  a s  f o l l o w s
V'z.'Mo., =  it (
T , -  o .(V « o V |f to | , G * ( - s i l O V C *  .
Her e  a r e p r e s e n t s  a c h a r a c t e r i s t i c  d i m e n s i o n  o f  t h e  
c u r r e n t  l a y e r .
From [ 1 1 ]  i t  i s  known t h a t  t h e  mo s t  d a n g e r o u s  modes  w i l l  
be  l o c a l i s e d  a b o u t  (known a s  t h e  r e s o n a n t
s u r f a c e ) .  I n  t h e  n e i g h b o u r h o o d  o f  t h i s  s u r f a c e ,  f i e l d  
l i n e s  c a n  i n t e r c h a n g e  w i t h o u t  u n d e r g o i n g  s i g n i f i c a n t  d i s ­
t o r t i o n  a nd  a s  a r e s u l t ,  s h e a r  t e n d s  t o  l o c a l i s e  t h e  i n ­
s t a b i l i t y  a b o u t  t h i s  s u r f a c e .  The r e s o n a n t  s u r f a c e  c o r r e s ­
p o n d s  t o  F(y> ) = 0 wh e r e  we a s s u me  F(^a ) = 0 when = 0.  
C o n s i d e r i n g  o n l y  l o c a l i s e d  modes  a b o u t  = 0 ( w h e r e  t h e  
a m p l i t u d e  d e c a y s  r a p i d l y  away f r o m y> = 0 ) t h e n  
F(y* ) cs F ' ( 0 ) y >  ( T a y l o r  e x p a n s i o n  a b o u t  y* = 0)  a n d  we 
o b t a i n  t h e  e q u a t i o n
We can simplify this equation by making an approximation.
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whe r e
The b o u n d a r y  c o n d i t i o n s  —> & a s  jX— ^  ± oo t h e n
c o n s t i t u t e  an e i g e n v a l u e  p r o b l e m  f o r  t h e  e i g e n v a l u e  a s
An e q u a t i o n  o f  t h e  same t y p e  a r i s e s  i n  a more  c o m p l i c a t e d  
way i n  i d e a l  b a l l o o n i n g ,  ( S e e  Los  Al amos  t e c h n i c a l  r e p o r t  
L A - 9 0 5 5 -  M S,  by R.  b .  P a r i s  a nd  R. Y.  D a g a z i a n ,  1 9 8 2 ) .  
The a u t h o r s  t a k e  a s  t h e i r  mode l  t h e  c a s e  o f  a m a g e t i s e d  
p l a s m a  s l a b  e q u i l i b r i u m  w i t h  m a g n e t i c  s h e a r .  The 
e q u i l i b r i u m  m a g n e t i c  f i e l d  i s
They s i m u l a t e  t o r o i d a l  c u r v a t u r e  e f f e c t s  by i n t r o d u c i n g  a 
g r a v i t a t i o n a l  a c c e l e r a t i o n  m o d u l a t e d  a l o n g  a g i v e n  l i n e  o f
T h i s  i s  t h e  c r u c i a l  f o r m o f  a b a l l o o n i n g  p e r t u r b a t i o n ,  k » 1
l i n e s ,  w h i l e  f ( z )  d e s c r i b e s  s l o w  d e p e n d e n c e  a l o n g  t h e  f i e l d  
l i n e s .  N e g l e c t i n g  t h e  v a r i a t i o n  o f  p e r t u r b e d  q u a n t i t i e s  a s  
l i m i t s  S - * 0 ,  k - * >Wa r e  t a k e n ,  t h e n  t a k i n g  t h e  d i v e r g e n c e  o f  
t h e  e q u a t i o n  o f  m o t i o n ,  we a r r i v e  a t  t h e  e q u a t i o n  
d e s c r i b i n g  i d e a l  b a l l o o n i n g
2
a f u n c t i o n  o f  t h e  g r a v i t a t i o n a l - s h e a r  t e r m  G / ( F ' ) ‘ .
f o r c e .
They t h e n  c o n s i d e r  p e r t u r b a t i o n s  o f  t h e  form
By l e t t i n g  z = s z  we o b t a i n
-  1 0  -
I f  we c o mp a r e  ( 1 . 1 5 a )  w i t h  t h e  o b l a t e  s p h e r o i d a l  e q u a t i o n  
w i t h  i m a g i n a r y  a r g u m e n t  i . e .
we s e e  a. ^
a *L ^  » p. « (?•**-Y*-1 t  -  to  + Q » C \V  )
T h i s  i s  a S t u r m - L i o u v i l l e - t y p e  b o u n d a r y  v a l u e  p r o b l e m  and 
t o  d e t e r m i n e  t h e  e i g e n v a l u e s ,  we e mp l o y  t h e  T i t c h m a r s h - W e y 1 
t h e o r y ,  w h i c h  h a d  i t s  o r i g i n s  i n  t h e  f amous  1910  p a p e r  o f  
Hermann Weyl  w h e r e  he  s howed t h a t  t h e  d i f f e r e n t i a l  e q u a t i o n
- ( * W v *  = > ^  o « c ° , w )
when >k i s  n o t  r e a l ,  a l w a y s  h a s  a n o n - t r i v i a l  s o l u t i o n  wh i c h  
i s  a b s o l u t e l y  s q u a r e - i n t e g r a b l e  on t h e  i n t e r v a l  [ 0 , oq ) .  
G i v e n  t wo s o l u t i o n s  0  and (j> w h i c h  s a t i s f y  t h e  i n i t i a l  
c o n d i t i o n s
G > c o ) \ ) ^ yi o
c|>Co,>0- O <£'Co ,> )  -  1
he d e m o n s t r a t e d  t h e  e x i s t e n c e  o f  a c o e f f i c i e n t  m ( V )
( t h e  T i t c h m a r s h - W e y 1 c o e f f i c i e n t )  r e g u l a r  i n  t h e  t wo h a l f  
p l a n e s  o f  C c r e a t e d  by t h e  r e a l  l i n e ,  t h e  s o l u t i o n  b e i n g
V e s t ,  > 0  -  ©  -v- )
%  €  £ o ,  00 )
whe r e
oo
) It ) 1 < 6 0  . (> > O),
-  1 1  -
The p o l e s  and  z e r o s  o f  m ( ? 0  y i e l d i n g  t h e  e i g e n v a l u e s  o f  
0 ( x , > > )  and  < | ) ( x , X )  r e s p e c t i v e l y .
THE LAYOUT OF THE THESIS
The l a y o u t  o f  t h e  r e m a i n i n g  c h a p t e r s  i s  a s  f o l l o w s :
C h a p t e r  2 i s  a r e v i e w  o f  s p e c t r a l  t h e o r y  by t h e  T i t c h m a r s h  
m e t h o d .  I t  b e g i n s  w i t h  t h e  r e g u l a r  S t u r m - L i o u v i 1 1 e c a s e  on 
[ a , b ] ,  t h e n  e x a m i n e s  t h e  s i n g u l a r  c a s e  l e a d i n g  t o  a s e r i e s  
e x p a n s i o n ,  f i r s t l y  on t h e  i n t e r v a l  [ 0 , w ) and t h e n  on 
( - w ,  ©4 ) .  T h i s  l a s t  c a s e  i s  o f  p a r t i c u l a r  r e l e v a n c e  t o
t h i s  wo r k ,  e s p e c i a l l y  t h e  c a s e  wh e r e  t h e  p o t e n t i a l  f u n c t i o n
q ( x )  i s  e v e n .  The T i t c h m a r s h - W e y 1 c o e f f i c i e n t ,  m( >s )  i s  
d e f i n e d  and  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  p o l e s  and  z e r o s  
o f  m ( > \ )  and  t h e  e i g e n v a l u e s  o f  t h e  b o u n d a r y  v a l u e  p r o b l e m  
e s t a b l i s h e d .  F i n a l l y  t h e  g e n e r a l  s i n g u l a r  c a s e  i s  e x a m i n e d  
and t h e  s p e c t r a l  f u n c t i o n  k ( X )  d e f i n e d .  The e x t e n s i o n  t o  
t h e  i n t e r v a l  ( - • « , « « )  f o l l o w s  a l o n g  w i t h  d e f i n i t i o n s  o f  t h e  
f u n c t i o n s  " S O . ) ,  ^  ) and T O . ) .  The g e n e r a l  c l a s s i f i c ­
a t i o n  o f  s p e c t r a  a r e  d e s c r i b e d .  C h a p t e r  3 c o n s i s t s  o f  
e x a m p l e s  i l l u s t r a t i n g  t h e  t h e o r y  o f  C h a p t e r  2.  Some 
t h e o r e m s  on t h e  d e p e n d e n c e  o f  t h e  s p e c t r u m  o f
v  + o
on q ( x )  a r e  l i s t e d  and  d i s c u s s e d .  F i n a l l y  t h e  p o t e n t i a l
f u n c t i o n s  o f  t h e  M a g n e t o h y d r o d y n a m i c  b a l l o o n i n g  e q u a t i o n  
f o r  d i f f e r e n t  v a l u e s  o f  t h e  p a r a m e t e r s  y* and a r e  
e x a m i n e d  i n  d e t a i l ,  p r o p e r t i e s  o f  t h e  s p e c t r u m  f o r  t h e  
v a r i o u s  v a l u e s  o f  t h e  p a r a m e t e r s  a r e  e l u c i d a t e d  u s i n g  t h e  
l i s t e d  t h e o r e m s .
-  1 2  -
C h a p t e r  4 e x a m i n e s  t h e  s p e c i a l  c a s e  o f  t h e  M a g n e t o -  
h y d r o d y n a m i c  e q u a t i o n  when 0 , wh e r e  i t  r e d u c e s  t o  t h e
a s s o c i a t e d  L e g e n d r e  e q u a t i o n  w i t h  i m a g i n a r y  a r g u m e n t .  
E x p r e s s i o n s  f o r  t h e  e i g e n v a l u e s  and  e i g e n f u n c t i o n s  a r e  
d e r i v e d  u s i n g  t wo d i f f e r e n t  m e t h o d s ,  o n e ,  t h a t  o f  
t r u n c a t e d  h y p e r g e o m e t r i c  s e r i e s ,  t h e  s e c o n d  u s i n g  t h e  
T i t c h m a r s h - W e y  1 c o e f f i c i e n t  m ( > 0 .  C h a p t e r  5 l o o k s  a t  t h e  
p r o p e r t i e s  o f  t h e  s p h e r o i d a l  f u n c t i o n s  wh i c h  a r e  s o l ­
u t i o n s  o f  t h e  M a g n e t o h y d r o d y n a m i c  b a l l o o n i n g  e q u a t i o n .
The c a s e ^  > 0  o n l y  i s  c o n s i d e r e d  ( r e a l  g r o w t h  r a t e  
The s p h e r o i d a l  f u n c t i o n s  P s £ ( x , ' S )  and  Qs T/ Xj S)  c a n  be 
e x p r e s s e d  a s  i n f i n i t e  s e r i e s  o f  L e g e n d r e  f u n c t i o n s  a b o u t  
t h e  e q u a t i o n s  s i n g u l a r i t i e s  ± 1 , w h i l e  t h e y  c a n  be e x p r e s s e d  
a s  i n f i n i t e  s e r i e s  o f  B e s s e l  f u n c t i o n s  a s  \:>M— The j o i n -  
i n g  f a c t o r s  Kv ( ^ )  l i n k i n g  t h e  t wo t y p e s  o f  s e r i e s  a r e  
d e r i v e d ,  and  a numb e r  o f  m e t h o d s  f o r  e v a l u a t i n g  t h e  c h a r ­
a c t e r i s t i c  e x p o n e n t  -v> d e s c r i b e d .  C h a p t e r  6 b e g i n s  by 
c o n s t r u c t i n g  t h e  e v e n  and  odd  s o l u t i o n s  f> and i n  t e r m s  
o f  PSv(x,*i£) and  Q s ^ C x , ^ )  and  h e n c e  i n  t e r m s  of^F-,  h y p e r -  
g e o m e t r i c  f u n c t i o n s .  The two s o l u t i o n s  0  and (f) a r e
LA
c o n t i n u e d  a s  i n f i n i t e  s e r i e s  o f  B e s s e l  f u n c t i o n s  S v ( x , 
u s i n g  t h e  j o i n i n g  f a c t o r s .  m(>J i s  t h e n  c a l c u l a t e d  by 
c o m p a r i n g  t h e  s o l u t i o n
v  -  0  +  v *  <f>
u v>)
t o  S v ( x ) . A r e l a t i o n  f o r  t h e  e i g e n v a l u e s  i s  t h e n  
d e r i v e d .  F i n a l l y ,  by u s i n g  an a p p r o x i m a t i o n  f o r  mw( \ )  f o r  
s m a l l N ^ e  show t h a t  m^OO m^CS) c o r r e s p o n d s  t o  t h e  m()0 
o b t a i n e d  i n  t h e  c a s e  0 o f  C h a p t e r  4.
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CHAPTER 2
REVIEW UF THE SPECTRAL THEORY BY TITCHMARSH'S METHOD
I n  t h i s  c h a p t e r  we w i l l  o u t l i n e  t h e  c o n d i t i o n s  u n d e r  wh i c h  
an a r b i t r a r y  f u n c t i o n  f ( x )  may be  e x p r e s s e d  i n  t e r m s  o f  
t h e  e i g e n f u n c t i o n s  o f  a s i n g u l a r  s e l f - a d j o i n t  b o u n d a r y  
v a l u e  p r o b l e m .
y " + ( fs -  q ( x ) )  y = 0 ( 2 . 1 )
whe r e  y ( x ) i s  L^ ( -  to , ¡».) .
We w i l l  p r o c e e d  a s  f o l l o w s :
( 1 )  The r e g u l a r  c a s e
( 2 )  The s i n g u l a r  c a s e  w i t h  s e r i e s  e x p a n s i o n  on [ 0 , o o )
( 3 )  The s i n g u l a r  c a s e  w i t h  s e r i e s  a nd  i n t e g r a l  t e r m s
on [ 0 , 0*0
( 4 )  The s i n g u l a r  c a s e  o v e r  t h e  f u l l  i n t e r v a l  ( -  w , <*> ) 
F i r s t l y  t h e n ,  we r e v i e w  t h e  r e g u l a r  c a s e ,  t h a t  o f  t h e
f o r m a l l y  s e l f - a d j o i n t  b o u n d a r y  v a l u e  p r o b l e m  on a f i n i t e
i n t e r v a l  [ a , b ] .
y"  + ( X  -  q ( x ) ) y  = 0
w i t h  b o u n d a r y  c o n d i t i o n s :
V / . v O ( \ - , x  +  -  O
V )  v -  C
In a l l  c a s e s  V i s  a c o mp l e x  p a r a m e t e r ,  a. and  0 a r e  g i v e n  
r e a l  n u m b e r s .  I n  t h i s  i n s t a n c e  a l s o  q ( x )  i s  a s s u me d  
c o n t i n u o u s  on [ a , b j .  The m e t h o d s  d e s c r i b e d  a r e  t h o s e  
g i v e n  i n  [ 1 5 ] .  F o r  an a l t e r n a t i v e  me t h o d  s e e  [ 4 ] .  The 
p r o b l e m  ( 2 . 2 )  a b o v e  i s  t h e  c l a s s i c a l  S t u r m - L i o u v i l l e  o n e .  
The e x p a n s i o n  o f  f ( x )  i n  t h i s  c a s e  i n v o l v e s  C a u c h y ' s  
r e s i d u e  t h e o r e m  a nd  i n t e g r a t i o n  a r o u n d  a l a r g e  c i r c u l a r
-  1 4  -
c o n t o u r  i n  t h e  X -  p l a n e .  In  [ 1 5 ,  C h . l ]  t h e  p r o o f  
i n v o l v e s  a s y m p t o t i c  e x p a n s i o n s  o f  t h e  s o l u t i o n s  o f  ( 2 . 2 ) 
f o r  l a r g e  I 'M and  t h e  p o i n t - w i s e  c o n v e r g e n c e  o f  t h e  s e r i e s  
i s  e s t a b l i s h e d  by c o m p a r i s o n  w i t h  t h e  F o u r i e r  s e r i e s  i . e .
t h e  c a s e  q ( x )  = 0 .
We w i l l  now o u t l i n e  t h e  p r o o f  i n  t h e  r e g u l a r  c a s e :
Le t  < j > ( x , X)  and  ' V . ( x , % )  be  s o l u t i o n s  o f  ( 2 . 2 )  s u c h  t h a t
$ ( 0- i X )  —
x a »  =  o c ' O A )  =
Le t  X =  s wh e r e  s i s  r e a l  and  p o s i t i v e  when X i s  r e a l  
and  p o s i t i v e  a n d  s = o’ + i x  . Then ,  a s  I s j - * M  i t  i s  p r o v e d  
i n  [ 1 5 ,  p .  1 0 ]  t h a t ,  a s s u m i n g  S i n *  0 (Sin^> j: 0 ) .
< p ( . x , \ )  -  c « s c ^ - +  O 0 $ r ' .
=  + o C d ’ ' " ’ ' " “0 ) ,
The W r o n s k i a n  o f  <^>(x, X)  and  X(  x , *>-), ^ ( % )  i s  i n d e p e n d e n t
o f  x and  i t  f o l l o w s  f r om a b o v e  t h a t
c j O O  -  s S ^ C b - o O ^ o c S ^ Q .  4- OC<2n flC b “ °0 )
I f  S incx . = 0 ( S i n ^  = 0)  s i m i l a r  r e s u l t s  c a n  be o b t a i n e d .
We a s s u me  t h o u g h  t h a t  S i n o c  ( a n d  S i n i ^  ) £  Q. We w i l l  
o u t l i n e  t h e  p r o o f  t h a t  when f ( x )  i s  o f  b o u n d e d  v a r i a t i o n
- 15 -
i n  t h e  n e i g h b o u r h o o d  o f  x,  i t  may be  e x p a n d e d  i n  t e r m s  o f  
t h e  e i g e n f u n c t i o n s  o f  ( 2 . 2 ) .
r *L e t  \ c n  be t h e  p o s i t i v e l y  o r i e n t e d  r e c t a n g u l a r  c o n t o u r  i n
t h e  s - p l a n e  w i t h  v e r t i c e s  i Rn > - Rn + i Rn wh e r e  
K = (n + l / 2 ) t t / ( b  -  a ) .  L e t  17,*  = ( - Rn > Rn ^
( t h e  c o n t o u r  l e s s  t h e  r e a l  l i n e  p o r t i o n ) ,  a l s o  l e t  Vy,* be 
t h e  a r c  i n  t h e  X - p l a n e  c o r r e s p o n d i n g  t o  . We n o t e
t h a t  on and  i n s i d e  I"*,« , \ s i n  s ( b  -  a
f o r  some c o n s t a n t  IK , h e n c e
I 4- O U s l - J
( o O )  s St‘v » sC \» -0
Then f o r  x >  t  a n d  on 1"*,* and  i n s i d e
o U a - . w x K t  , > o  _  c ^ s c ^ - O  c ^ s c t
o ( \ )  “  ~ V  I s l '  / •
W r i t i n g  t h e  t r i g o n o m e t r i c  f u n c t i o n s  a s  e x p o n e n t i a l s ,  t h e  
f i r s t  t e r m  b e c o me s  on r e - a r r a n g i n g .
- t i e
S i n c e  s , We c a n  u s e  t h e  b i n o m i a l
e x p a n s i o n  on t h e  l a s t  t e r m  t o  g i v e
~ ^ r ~ Li* £'(.*,*-,*» (2.3)
wh e r e  £ ( s , x , t )  i s  a sum o f  t e r m s  o f  t h e  for m
exp [2  misCic*. + + K X  + ) ] ,  w i t h  m = 1 , 2 , . . . .
’J j v) 1<« , ^  r e a l  n u m b e r s  w i t h  t h e  p r o p e r t y  t h a t
<3L.w>"i o- 4- ‘i w  V» +  wa U, + -v ( . cj-w%^ -  O  t  — O
- 16 -
f o r  t  o u t s i d e  [ a ,  x]  and  wh e r e
F ' c s ^ ^ o c i s r ’ : ^ - - 5 0 :) <«
S i m i l a r l y  f o r  t  e  [ x ,  b]
=  O  +  E ’ c <  A r t ] t  F + C s ,  o  ( 2. 4)
whe r e  a g a i n  t h e  e x p o n e n t s  i n  ^ ( s , x , t ) v a n i s h  
o n l y  f o r  t  o u t s i d e  [ x , b ]  and
o -  O C u i ^ e * 1* " 0 )  i s i — * * >
I t  i s  p r o v e d  i n  [ 1 5 ,  C h . l ]  t h a t  when f ( x )  i s  o f  b o u n d e d
v a r i a t i o n
v n  n +  c o  «A-b] <A\
-  + f  C a t - o ’) ]  t ( 2 . 5 )
I f  we l e t  $ ( x f > )  e q u a l  t h e  q u a n t i t y  i n  t h e  b r a c e s  a b o v e ,  
t h e n  we c a n  show by d i f f e r e n t i a t i n g ,  t h a t  i t  i s  a s o l u t i o n  
o f  t h e  n o n - h o m o g e n e o u s  b o u n d a r y  v a l u e  p r o b l e m .
(js -+* ~
w i t h  t h e  s ame b o u n d a r y  c o n d i t i o n s  a s  ( 2 . 2 ) f o r  a l l  V  .
A l s o  i t  i s  p r o v e d  i n  [ 1 5 ,  C h . l ]  t h a t  a l l  t h e  z e r o s  o f  u ( V ) 
mus t  be  s i m p l e  a n d  on t h e  r e a l  a x i s  ( s a y  \ 0 ^ t t\ x . .  .) .
Then a t  ">\n t h e  W r o n s k i a n  o f  4>(x > ) a r |d ^ ( x , V „ )  i s
z e r o  and s o  <J>^  and  a r e  l i n e a r l y  d e p e n d e n t
i . e .
- 17 -
Now f r om t h e  b o u n d a r y  c o n d i t i o n s ,  k n i s  n e i t h e r  0 n o r  oo 
h e n c e  a t  ' V  = V  A , »  h a s  t h e  r e s i d u e
R e c a l l i n g  t h e  r e s u l t  a t  ( 2 . 5 )  and  t h e  f a c t  t h a t
^  V  )  (ji v  — °Ç CûviW rtT)
T h e n ,
%<■*■> -  \ J  tirti a ^ (2 .6 )
T h i s  i s  t h e  S t u r m - L i o u v i l l e  e x p a n s i o n ,  s e e  a l s o  [ 1 4 ]
I f  t h e  W r o n s k i a n  co( x  ) h a s  a b r a n c h  p o i n t ,  t h e n  t h i s  
i n t r o d u c e s  a c o n t i n u o u s  s p e c t r u m  c o m p o n e n t  t o  t h e  
e x p a n s i o n  o f  f ( x ) .  I t  a p p e a r s  a s  an  a d d i t i o n a l  i n t e g r a l  
t e r m  on t h e  r i g h t  h a n d  s i d e  o f  ( 2 . 6 ) .  I t  i s  p o s s i b l e  t h a t  
t h e  s e r i e s  i n  ( 2 . 6 ) may h a v e  o n l y  a f i n i t e  number  o f
t e r m s .  See  [ 1 5 ,  Ch.  1 a nd  Ch.  4 ] .
THE SINGULAR CASE
We now t a k e  a l o o k  a t  t h e  r e s u l t s  p e r t a i n i n g  t o  t h e  s i n g ­
u l a r  c a s e .  T h a t  i s  t h e  c a s e  w h e r e  q ( x )  h a s  a d i s c o n t i n u i t y
a t  one  end  o f  t h e  i n t e r v a l  o r  b o t h ,  o r  t h e  i n t e r v a l  g o e s  
t o  i n f i n i t y  i n  o n e  d i r e c t i o n  o r  b o t h .  We w i l l  e x a m i n e  
f i r s t  a s p e c i a l  c a s e ,  t h a t  o n e  wh e r e  t h e  e x p a n s i o n  i s  
a l w a y s  a s e r i e s .  T h i s  c a s e  i s  s o me wh a t  s i m p l e r  t h a n  t h e  
mo s t  g e n e r a l  o n e  ( w h i c h  w i l l  be  d e a l t  w i t h  n e x t )  b u t  i t  i s
t h e  one  r e l e v a n t  t o  t h e  p r o b l e m  wh i c h  w i l l  be e x a m i n e d  
l a t e r .
The p a r t i c u l a r  c a s e  t h e n ,  t o  be  c o n s i d e r e d  i s  t h e  one  on 
t h e  i n t e r v a l  ( 0 , co ) w h e r e  q ( x )  i s  c o n t i n u o u s  on t h a t  
i n t e r v a l .
The f i n i t e  i n t e r v a l  c a s e  w i t h  a s i n g u l a r i t y  a t  o n e  e nd  i s  
a n a l a g o u s .  The p r o b l e m ,  o v e r  t h e  wh o l e  r e a l  l i n e  o r  t h e  
s i m i l a r  f i n i t e  i n t e r v a l  w i t h  a s i n g u l a r i t y  a t  b o t h  e n d s ,  
c a n  be  d e a l t  w i t h  by b r e a k i n g  t h e  i n t e r v a l  up i n t o  t wo 
p a r t s  a t  some r e g u l a r  p o i n t  o f  q ( x ) .  We wo u l d  t h e n  d e a l  
w i t h  e a c h  i n t e r v a l  s e p a r a t e l y .
L e t  F ( x )  and  G( x)  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s
and  t h e  c o r r e s p o n d i n g  e q u a t i o n  w i t h  V  i n s t e a d  o f  V
r e s p e c t i v e l y ,  t h e n
I f  V  -  } 'X = V  -  > Ca.= g» G -  £  t h i s  g i v e s
O ( 2 . 7 )
(2 .8 )
O
■ ¿ u  n  ^ v j c C f  f ) - ¡ . v j b C f . f ; ( 2 . 9 )
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Now l e t  3 §  be  t h e
s o l u t i o n s  o f  ( 2 . 7 )  s u c h  t h a t
cj^Co') — (£) t o )  — — Cxo «.
, . ( 2 . 1 0 ) 
0  (_o) —  OacA. 0> C o) -
0«. 6  1ft . Then
V O a l  C  4 > J  —  ^ 0  C ^ J  f c O  -  Ç >  J v T c s l .  -V  C / V 1  < *  -  /
The g e n e r a l  s o l u t i o n  o f  ( 2 . 7 )  c a n  be  w r i t t e n  i n  t h e  f o r m 
0 ( x )  + \  é > ( x )  • C o n s i d e r  t h e  s o l u t i o n s  w h i c h  s a t i s f y  a
r e a l  b o u n d a r y  c o n d i t i o n  a t  x = b ,  s a y
^  Q C b ' )  +  \  < t > C b " ) ^  C c q Q> +  +  \  C b  S > v - ^ Ç >  -  O  ^
e IR • R e a r r a n g i n g  i t  g i v e s
\  s \ < v )  -  4 ^ C b )  ( 2 . 1 1 )
(frth") dotÇ» -V c£>'CiO
F o r  e a c h  b a s  CotÇ> v a r i e s ,  \  d e s c r i b e s  a c i r c l e  i n  t h e  
c o mp l e x  p l a n e ,  s a y  c ^ .  R e p l a c i n g  CotÇ> by a c o mp l e x
v a r i a b l e  z ,  we o b t a i n
-  ( à C V ) ^  4 -  0  (  b )
~ # 0 0 ^  Y < £ '( b )
When z = -  (£>f( b )  j  <£>(b) ,  1  = Oo . Hence  t h e  c e n t r e  o f
t h e  c i r c l e  c^  c o r r e s p o n d s  t o  t h e  c o n j u g a t e
z = -  (^ ' (b )  j  (£> ( b ) : 
i t  i s  t h e r e f o r e
ï  = V J 1. C 6 . ?  )
V A O b ,  ♦  )
-  2 0  -
Also
u £ t i £ ?  1  - i i t e - M w l -  - J -
l<f><b)j ~ l<t*« 5(b)] " * \4>c^  l% >
wh i c h  h a s  t h e  same s i g n  a s  -v? by ( 2 . 9 )  w i t h  F = (f> , 
s i n c e
V J c  c t j )  -  O .
He n c e ,  i f  *v> > 0 ,  t h e  e x t e r i o r  o f  c^  c o r r e s p o n d s  t o  t h e  
u p p e r  h a l f  o f  t h e  z -  p l a n e .
B e c a u s e  -  © ' ( b )  j  ( f ) \ b)  i s  on c^  ( z = 0)  t h e  r a d i u s  r b
o f  c^  i s
V U M _ ) |  
V J k C ^ , ? ’)  I
= \ j  w ?  j  \ * Q ^  ( 2 . 1 2 )
by ( 2 . 9 )  and  ( 2 . 1 0 ) .
\  i s  i n s i d e  c, i f  w  z < 0 , i f  i (  z -  z ) >  0 , 
t h a t  i s  i f
. S  \ 4 > X b ) * Q ' M  . i  <t)'cb) +  e ' ( b ) \
V ]“  . v— 7777 +  t  r;~r— = T T T  (_- -+- v 1 ~ ------------ ---  OT_<£>(h)  +■ ö C b " )  \ $ C b )  +  © £ . \ > )  J
. i f  _  _  _  _
r n r v i , < * > )  + 1VJv,C4>,©) + lVJwC6.it)♦ vJfcCe. e)J >0/
i . e .  i f
\
v \ J k ( a + ' l 4 > ,  © >  °  -
by ( 2 . 9 )  i f  
Jq
-  2 1  -
S i n c e  \z-n1 o ^  3  “  i .  , V O  C * ,  <fr }  *  Q  , e t c . ,
V J o C 0  + ' l 4 > j = \ - \  =  < * 0 .  .
T h e r e f o r e  i s  i n t e r i o r  t o  c^  when V  >  0,  and
^  | e + l < f >  i V  ^  ( 2 - 13)
The same i s  t r u e  i f  " ' 0 ^ 0 .  I n  e a c h  c a s e  t h e  s i g n  o f  irrfL 
i s  o p p o s i t e  t o  t h a t  o f  v  .
I t  f o l l o w s  t h a t ,  i f  \  i s  i n s i d e  c^  a nd  0 *  b '  < b,
t h e n
Hence  \  i s  a l s o  i n s i d e  c ^ , .  Hence  c ^ ,  i n c l u d e s  c^  i f  
b '  < b .  I t  f o l l o w s  t h a t ,  a s  b —* oa , t h e  c i r c l e s  c^ 
c o n v e r g e  e i t h e r  t o  a l i m i t - c i r c l e  o r  t o  a l i m i t - p o i n t .
I f  m = m( ) \  ) i s  t h e  l i m i t - p o i n t ,  o r  a ny  p o i n t  on t h e  
l i m i t - c i r c l e ,
.Y>
_ i I*** , — Lv^VA
0  + W \  (p | c lx  ~  ( 2 . 1 4 )
f o r  a l l  v a l u e s  o f  b .  Hence
<. — u^> Wj ( 2 . 1 5 )
V
I t  f o l l o w s  t h a t ,  f o r  e v e r y  v a l u e  o f  X o t h e r  t h a n  r e a l  
v a l u e s ,  ( 2 . 7 )  h a s  a s o l u t i o n
, >>) =  9 0 * +  v w C m  }
-  2 2  -
b e l o n g i n g  t o  L ( 0 ,  co ) .  The f u n c t i o n  m( X )  i s  t h e  
T i t c h m a r s h - W e y 1 c o e f f i c i e n t .
I n  t h e  l i m i t - c i r c l e  c a s e ,  ^  t e n d s  t o  a p o s i t i v e  l i m i t  a s  
b ; h e n c e ,  by ( 2 . 1 2 ) ,  <k>(x) i s  l_2 ( 0 , 0 O ) ;  s o  i n  f a c t ,
i n  t h i s  c a s e ,  e v e r y  s o l u t i o n  o f  ( 2 . 7 )  b e l o n g s  t o  
L2 ( 0 ,  e* ) .
F o r  a g i v e n  £> = "^ ( *>") > i s  an a n a l y t i c  f u n c t i o n  o f  X  ;
i n  f a c t  i t  i s  a m e r o m o r p h i c  f u n c t i o n ,  r e g u l a r  e x c e p t  f o r  
p o l e s  on t h e  r e a l  a x i s .
T h i s  i s  b e c a u s e  t h e  p o l e s  o f  V  X )  a r e  t h e  z e r o s  o f
a nd  t h i s  i s  j u s t  - CO( ' ) n ) ,  t h e  W r o n s k i a n  a s  d e n o t e d  e a r l i e r .
I t  i s  p r o v e d  i n  [ 1 5 ,  Ch.  1]  t h a t  t h e  z e r o s  o f  i ^ > ( X)  a r e  
a l l  r e a l  and  s i m p l e .  A l s o  i t  i s  p r o v e d  i n  [ 1 5 ,  Ch.  2]  
t h a t  \  ( > )  i s  a n a l y t i c  i n  t h e  u p p e r  a n d  l o w e r  h a l f -  
- p l a n e s .  Hence  i n  b o t h  t h e  l i m i t - p o i n t  and  l i m i t - c i r c l e  
c a s e s  t h e  m(}\  ) f u n c t i o n  i s  a n a l y t i c  i n  b o t h  h a l f - p l a n e s ,  
w i t h  i t s  ( s i m p l e )  p o l e s  on t h e  r e a l  a x i s .  The f u n c t i o n s  
i n  t h e  two h a l f - p l a n e s  a r e  n o t  n e c e s s a r i l y  a n a l y t i c  c o n ­
t i n u a t i o n s  o f  e a c h  o t h e r .  T h i s  wou l d  be t h e  g e n e r a l  c a s e ,  
b u t  i n  t h i s  i n s t a n c e ,  we make t h e  s i m p l i f y i n g  a s s u m p t i o n  
t h a t  t h e y  a r e .  T h e r e f o r e  m ( X ) i s  a s i n g l e  m e r o m o r p h i c  
f u n c t i o n  o f  t h e  w h o l e  c o m p l e x  p l a n e ,  whos e  o n l y  s i n g u l a r ­
i t i e s  a r e  s i m p l e  p o l e s  on t h e  r e a l  a x i s ,  X « , , . . . . ,
a nd  t h e  r e s i d u e s  a t  t h o s e  p o i n t s  may be  d e n o t e d ,  Tq ,
2
From ( 2 . 1 1 )  i t  c a n  be s e e n  t h a t  \  ( >\ )  t a k e s  c o n j u g a t e  
v a l u e s  f o r  c o n j u g a t e  v a l u e s  o f  X , and  h e n c e  s o  do m(X) 
a n d 4^ ( x ,  A ) .
-  2 3  -
We w i l l  now w r i t e  down some r e s u l t s  f o r  t h e  f u n c t i o n s  
S ^ ( x , > . )  and  d e f i n e d  e a r l i e r .  F i r s t l y  t h o u g h ,  we
n e e d  two l e mma s .  The p r o o f s  o f  t h e s e  l emmas  a r e  t o  be  f o u n d  
i n  [ 1 5 ,  C h . 2 ] .
Lemma 1:
F o r  any  f i x e d  c o m p l e x  X  and ^
, V C * . *  S )  — O  ( 2 . 1 6 )
frO
Lemma 2:
L e t  f n ( x )  be a s e q u e n c e  o f  f u n c t i o n s  w h i c h  c o n v e r g e s  i n
mean s q u a r e  t o  f ( x )  o v e r  any f i n i t e  i n t e r v a l ,
w h i l e
f o r  a l l  n
Then f ( x )  i s  L2 ( 0 , o o ) ,  and  i f  g ( x )  b e l o n g s  t o  L2 (0,cx>)
O
We now a p p l y  t h e s e  two r e s u l t s  f r om ( 2 . 8 )
The f i r s t  t e r m  on t h e  r i g h t  i s
[ G o *  GooTJ =  vv,O0 - v * C V )  and>
i f  >» and X  a r e  n o t  r e a l ,  t h e  s e c o n d  t e r m  t e n d s  t o  z e r o  a s  
, by lemma 1 ( 2 . 1 6 ) .  Hence
( > A ‘ ) ^ c -  ^ ( 2 . 1 7 )
I f  we t a k e  "X = “X  , we o b t a i n
(2 .18)
s o  t h a t  t h e  c a s e  o f  e q u a l i t y  h o l d s  i n  ( 2 . 1 5 ) .
Now l e t  "Xnbe an  e i g e n v a l u e ,  and  l e t  'X„= X *  + j V - 2» 0.
Then f o r  any  f i x e d  X. ,
" X  CJ.
o
I
-J' o
B e c a u s e  t h e  l e f t  h a n d  s i d e  i s
jjv eu^>4vv*cv0+ ) - )  -  * u > o ]  \ x ^
and e a c h  o f  t h e  t h r e e  t e r m s  c o n t r i b u t e s  z e r o  t o  t h e  l i m i t .  
A l s o , by ( 2 . 1 8 ) ,
p  »
\ ) \ > H ' ( * > o n k  ¿ I v w o o l  =  O C 0
' o
a s ' V - ^ O ,  s i n c e  t h e  p o l e  o f  m ( V o  a t  X»,  i s  s i m p l e .  On 
m u l t i p l y i n g  ( 2 . 1 7 )  by t V / r n , ma k i n g  " ^ - ^ 0 , and  u s i n g  
l emma 2 we s e e  t h a t  4 > ( x ,  > « )  i s  L2 ( 0 ,  £>o ) ,  and
.0°
= V  - Xv, ( 2 . 1 9 )
I f  X i s  e q u a l  t o  a d i f f e r e n t  e i g e n v a l u e  X » , , on m u l t i p l y ­
i n g  (2.19) by ^  / r  a n d  ma k i n g  V - » o ,  g i v e s  us
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CSc\
( 2 . 2 0 )
.. 'XvOl d
I f  X  t e n d s  t o  t h e  s ame e i g e n v a l u e  V ^  , i t  f o l l o w s  s i m i l a r l y  
t h a t
bo
1
"C ( 2 . 2 1 )
Hence  t h e  f u n c t i o n s
CoO — 'sO \ < f > C ^ A O
f o r m an o r t h o n o r m a l  s e t .
( 2 . 1 9 )  c a n  now be  w r i t t e n
(2 .22)
°° 'i.
. ( 2 - 2 5 )
SOME PROPERTIES OF THE RESOLVENT OPERATOR f r u . V )
L e t  f ( y )  be  L2 ( 0 ,  oû ) ,  a n d  l e t
j X ) -
wh e r e  <j) and  Njr a r e  a s  d e f i n e d  a b o v e .  T h e n ,  f o r  e v e r y  x,  
$ ( x ,  X )  i s  an  a n a l y t i c  f u n c t i o n  o f  V  , r e g u l a r  f o r  
i mV ^  0 o r  imX < 0 . A l s o  i f  f ( y )  i s  c o n t i n u o u s ,  $ > ( y , X)  
s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n
-  T , U ) )  $  -  { ¿ 3 0  ( 2 . 2 5 )
-  2 6  -
and
s o  t h a t  $>( x ,  \ ) a l s o  s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n
^(»DCoot +■ <J)(o,>OSjv^  -  o . (2 .2 6 )
I t  c a n  be shown [ 1 5 ,  C h . 2]  t h a t  $  h a s  a s i m p l e  p o l e  a t  
V *  and  i t s  r e s i d u e  t h e r e  i s  
'Cvx =  H i,  Cx.')
:= C v ^ v ^ O ,  ( 2 . 2 7 )
He n c e ,  t h e  c n a r e  t h e  g e n e r a l i s e d  F o u r i e r  c o - e f f i c i e n t s .  
A l s o ,  i t  c a n  be  shown t h a t
Cv, ^ v , o O
3 > C ^ A )  - rt a O
The G r e e n ' s  f u n c t i o n  G ( x , y , > s )  i s  t h e  s o l u t i o n  o f  t h e  b a s i c  
e q u a t i o n  w i t h  t h e  r i g h t  h a n d  s i d e  e q u a l  t o  t h e  D i r a c  d e l t a  
f u n c t i o n  c e n t r e d  on x = y.  I t  i s  s y m m e t r i c a l  i n  x a n d  y ;  a 
c o n t i n u o u s  f u n c t i o n  o f  x f o r  e a c h  y ,  b u t  s u c h  t h a t
M  _ ( ^  =  - i
\  =  \  ^  ^  /•*. - _
I t  i s  o f  i n t e g r a b l e  s q u a r e d - m o d u l u s  w i t h  r e s p e c t  t o  e i t h e r  
v a r i a b l e ,  and  s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n .
C (  O j  ^  j \ )  (L^ok +* iJt- oc — O
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Q  C^i-, , V }  -  -  X )  ^
r 0*
^ ) C ^ j ^ , O  -  -  V c C ^ j  .
-'o
THE INTERVAL ( -  oo , CO )
We now c o n s i d e r  t h e  c a s e  whe r e  t h e  i n t e r v a l  i s  ( - « a , o o ) ,  o r  
t h e r e  i s  a s i n g u l a r i t y  a t  b o t h  e n d s  o f  a f i n i t e  i n t e r v a l .  
Assume q ( x )  c o n t i n u o u s  o v e r  ( -  &o , oo ) .
L e t  <fc ( x , V  ) and  0 ( x , \ )  be t h e  s o l u t i o n s  o f
In terms of the functions defined already
y" + ( V  -  q ( x ) ) y  = 0
s u c h  t h a t
(f> C o') =. O (¡>'C o ) =  -  i  ,
© O ') -  1 ©'(.o') = o
Then W( 4? , 0  ) = 1
By t h e  p r e v i o u s  t h e o r y  t h e r e  a r e  f u n c t i o n s  m ^ ( \ ) a n d  
m2 ( X )  r e g u l a r  i n  t h e  u p p e r  h a l f  p l a n e ,  s u c h  t h a t
vv.c^x) = eo*a x) + w»cv> cf>o*,>o
2
i s  L 0)  and
vy^u^vo - ec*,>o + vvuoo<)>(*,x }
9
i s  L ( 0 ,  oo ) .  Then
( 2 . 2 8 )
( 2 . 2 9 )
V I C m ^ m O  -  W \ , C V ) -  w u t x )  .
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As i n  ( 2 . 1 8 )  
„ o
Y u  A ) .   uw Wl|d w v
-  oo 
Oa
\  I x u a ) 1 V _  l-v^ w y  v>
Hence  i mt m^ )  > 0 and  i m( m2 ) <• 0 , when v  > o 
The G r e e n ' s  f u n c t i o n  i n  t h i s  c a s e  i s
w ^ O )  -  w\,C >0
C ^ o O
and
(2.30)
( 2 . 3 1 )
, 0O
= _  1  C C ^
( 2 . 3 2 )
wh e r e  f  i s  an a r b i t r a r y  f u n c t i o n  t o  be  e x p a n d e d .  The e x p a n ­
s i o n  w i l l  r e d u c e  t o  a s e r i e s  i f  b o t h  m ^ ( \ )  and  n ^ i X . )  
a r e  m e r o m o r p h i c  f u n c t i o n s .
We h a v e
=
T h e r e  a r e  t h r e e  p o s s i b i l i t i e s :
( i )  At  an e i g e n v a l u e  , m ^ ( \ „ )  = m2 ( \ ,>)  = a i  0,  
m-  ^( X  ) -  m2 ( \ )  ~  ( \ - \ J b  .
9 c * . , V ) + w ^ O O  >0
W\, O ' } — W W O O > >-  00
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Then ^ ( x , V )  h a s  t h e  r e s i d u e
■¿’[ ö ( * > « V  a<)>(:>(-/o]f[jK%x*) +  a i C ^ . x O j Ç C v J J i ^  ( (2,33)
( i i )  m, ( X ) and  m9 ( X )  b o t h  h a v e  s i m p l e  z e r o s
m 2 ( X ) a j  ( Vv — X*i) m 2 ( ^  ) *** a 2 ( ^  ■* ^*0
Then ^ ( X j Ìn ) h a s  t h è  r e s i d u e
_ 4 _ Q C » l > o j 9 c v i > . ^ <J ^  . (2-34)
( i i i j  m^( \  ) and  m2 ( \ )  b o t h  h a v e  s i m p l e  p o l e s
V v ) ~  s ; - ' x ;  "2(X} ~
Then ^ ? ( x , X )  h a s  t h e  r e s i d u e
_ a ^  ■ C2. 35)
-  0o
The t h e o r y  i n  t h i s  c a s e  i s  much t h e  same a s  t h a t  a l r e a d y  
c o n s i d e r e d .  A p a r t i c u l a r  c a s e  o f  r e l e v a n c e  i n  t h i s  work 
i s  t h e  c a s e  wh e r e  q ( x )  i s  an e v e n  f u n c t i o n .  Then 4>(x,  \ )  
i s  an odd f u n c t i o n  o f  x and  0 ( x , X )  i s  an e v e n  f u n c t i o n  
o f  x .  I t  f o l l o w s  t h a t  i f  0 ( x , X )  + m2 ( X  ) ^ ) ( x , X )  i s  
L2 ( 0 ,  ) t h e n  9 ( x ,  X ) -  m2 ( X ) <|>(x , X  ) i s  L2 ( -  0& , 0)  .
Hence  m- ^ ( X)  = -m2 ( X ) *  A l l  e i g e n v a l u e s  o c c u r  u n d e r
( i i )  o r  ( i i i )  a b o v e  and  e a c h  e i g e n f u n c t i o n  i s  e i t h e r  odd 
o r  e v e n .  T h i s  r e s u l t  w i l l  be  p a r t i c u l a r l y  u s e f u l  i n  t h e  
c a s e  o f  t h e  M a g n e t o h y d r o d y n a m i c  b a l l o o n i n g  e q u a t i o n .
THE LIMIT PQ1NT AND LIMIT CIRCLE CASES
T h e s e  may be i n t e r p r e t e d  i n  t e r m s  o f  t h e  n u mbe r  o f  l i n e a r l y
2
i n d e p e n d e n t  L ( 0 , o û )  s o l u t i o n s  a s  f o l l o w s .
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The differential equation y" + ( X -  q(x))y = 0 has two
The e q u a t i o n ,  when i s  n o t  r e a l ,  a l w a y s  h a s  a s o l u t i o n  
( n o n - t r i v i a l ) w h i c h  i s  a b s o l u t e l y  s q u a r e - i n t e g r a b l e  on t h e  
i n t e r v a l  [ 0 , oo )
The e q u a t i o n  c a n  be c l a s s i f i e d  i n t o  two m u t u a l l y  e x c l u s i v e  
c a s e s ,  l i m i t - p o i n t  a n d  l i m i t - c i r c l e . From a b o v e  w i t h  t h e  
same c o n d i t i o n s  on X i t  f o l l o w s  t h a t  e i t h e r  BCxj ' N ) and 
<£>(x, X ) a r e  b o t h  n o t  i n t e g r a b l e - s q u a r e , o r  b o t h  6 ( x , \  ) 
a n d  <J>(x, X ) a r e  i n t e g r a b l e - s q u a r e .  The f i r s t  i s  t h e  l i m i t -  
p o i n t  c a s e ,  t h e  s e c o n d  t h e  l i m i t - c i r c l e  c a s e .  I n  t h e  
l i m i t - c i r c l e  c a s e ,  f o r  e a c h  X ( r e a l  o r  c o m p l e x )  t h e  d i f f e r ­
e n t i a l  e q u a t i o n  y" + ( X -  q ( x ) ) y  = 0 , h a s  o n l y  i n t e g r a b l e -  
s q u a r e  s o l u t i o n s .
I n  f a c t ,  a l s o ,  a l l  s o l u t i o n s  a r e  i n t e g r a b l e - s q u a r e  f o r  
r e a l  X . I n  t h e  l i m i t - p o i n t  c a s e ,  t h e r e  i s  n o t  a s i n g l e  
v a l u e  o f  X ( r e a l  o r  c o m p l e x )  f o r  wh i c h  t h e  e q u a t i o n  h a s  
two s u c h  l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s .  One o f  t h e  s o l ­
u t i o n s  may be s q u a r e - i n t e g r a b l e  f o r  c e r t a i n  r e a l  v a l u e s  
o f  X  , b u t  n o t  b o t h  a t  t h e  same p o i n t .  I n  a d d i t i o n ,  i f  a t  
some p o i n t  X ( i m \  £  , 0 ) e i t h e r  t h e  l i m i t - p o i n t  o r  l i m i t -  
c i r c l e  c a s e  h o l d s ,  t h e n ,  i t  h o l d s  f o r  a l l  s t r i c t l y  
c o mp l e x  X .
i n d e p e n d e n t  s o l u t i o n s  Q ( x , X ) a nd  >^ ( x , X ) whe r e
$ u , x ; > * i  e ' C o , v > =  O
$ ( . O j > 0 =  o  <J>'(c>/>0 -  -  J.
V C ^ O  =■ 9 0 * , X )  +  vy\ 0 0  X )
o
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THE GENERAL SINGULAR CASE
I n  t h i s  c a s e  we r e move  t h e  r e q u i r e m e n t  t h a t  t h e  T i t c h m a r s h -  
Weyl  c o - e f f i c i e n t  m ( X )  be  m e r o m o r p h i c  o n l y .  We know o n l y  
t h a t  i t  i s  an a n a l y t i c  f u n c t i o n  o f  X  , r e g u l a r  i n  t h e  u p p e r  
h a l f  p l a n e ,  a n d  t h a t  im m( X ) ¿ . 0 .  A c o n s e q u e n c e  o f  t h i s  
i s  t h a t  a c o n t i n u o u s  s p e c t r u m  may a l s o  a r i s e .  We w i l l  j u s t  
l i s t  some r e s u l t s ,  t h e  p r o o f s  o f  w h i c h  may be  f o u n d  i n  
[ 1 5 ,  C h . 3 ] .
THE TITCHMARSH-KODAIRA FUNCTION k ( X  )
Assume t h e  i n t e r v a l  t o  be  [ 0 ,  oo ] :
D e f i n e  k ( X )  = l i m  I f  . ; o l  J , .  ( 2 . 3  6 )
&-»o
t h e n  t h e  e x p a n s i o n  t h e o r e m  f o r  f ( x )  c a n  be  w r i t t e n
f ( x )  ( 2 . 3 7 )
( s e e  [ 1 5 ] ) .
When t h e  i n t e r v a l  i s  ( - o o ,  oo ) ,  we h a v e ,  c o r r e s p o n d i n g  t o  
t h e  t h r e e  c a s e s ,  ( 2 . 3 3 ) ,  ( 2 . 3 4 )  and  ( 2 . 3 5 )  t h e  f o l l o w i n g :
( 2 . 3 8 )
( 2 . 3 9 )
T(>) = $L/-wo ( 2 . 4 0 )
-  3 2  -
'TY.Jj(x') s  (X)
p  CO
J~ ?o J-oO
IV% fui
+ \ <DU
We then obtain the formal expansion formula
(2.41)
y
-wo
On t h e  [ 0 , oo) i n t e r v a l ,  we c a n  u s e  t h e  k ( X )  f u n c t i o n  t o  
d e t e r m i n e  t h e  s p e c t r u m  o f  t h e  e q u a t i o n  y"  + ( X - q ( x ) ) y  = 0.
I f  k ( \ )  i s  c o n s t a n t  o v e r  any  i n t e r v a l  o f  r e a l  v a l u e s  o f  
X i t h e n  s u c h  an i n t e r v a l  c o n t r i b u t e s  n o t h i n g  t o  t h e  e x p a n ­
s i o n  f o r m u l a  ( 2 . 3 7 ) .  Thus  t h e  s p e c t r u m  c a n  be  d e f i n e d  a s  
t h e  c o m p l e m e n t  o f  t h e  s e t  o f  o p e n  i n t e r v a l s  o v e r  wh i c h  
k(  \  ) i s  c o n s t a n t .  T h a t  i s ,  a p o i n t  a t  wh i c h  k ( X )  i s  d i s ­
c o n t i n u o u s  b e l o n g s  t o  t h e  s p e c t r u m .  T h i s  s e t  f o r m s  t h e  
d i s c r e t e  s p e c t r u m .
The c o n t i n u o u s  s p e c t r u m  i s  t h e  s e t  o f  p o i n t s  wh e r e  k ( X )  
i s  c o n t i n u o u s  b u t  i n  t h e  n e i g h b o u r h o o d  o f  wh i c h  k ( X  ) i s  
n o t  c o n s t a n t .  The c o n t i n u o u s  s p e c t r u m  may a l s o  c o n t a i n  
p o i n t s  o f  t h e  d i s c r e t e  s p e c t r u m .
TRANSFORMATI ON TO SCHRODINGER FORM
T h r o u g h o u t  t h i s  c h a p t e r  we h a v e  a s s u m e d  t h a t  t h e  e q u a t i o n  
i s  i n  t h e  S c h r o d i n g e r  o r  n o r m a l  f o r m y"  + ( X  -  q ( x ) ) y  = 0.  
T h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  t h i s  a s s u m p t i o n  b e c a u s e  
t h e  more  g e n e r a l  s e c o n d  o r d e r  e q u a t i o n  may a l w a y s  be  t r a n s ­
f o r me d  a s  shown b e l o w :
Q i v«.
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L e t  r  a
VJ =  U = 7  
j/oLtxS^
t h e n
wh e r e  ^>(w) = [ b ( x )  -  ^¡ a '  ( x )  ] / J a ( x 7  "'¿(w) = c ( x )
P u t  y = r ( w ) u  w h e r e  r ( w )  = , we o b t a i n
w h i c h  i s  o f  s t a n d a r d  f o r m .  We a s s u m e  b ' ( x )  and  a " ( x )  e x i s t .
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CHAPTER 3
EXAMPLES AND SOME PROPERTIES OF THE POTENTIAL
FUNCTION q ( x )
I n  t h i s  c h a p t e r  we w i l l  i l l u s t r a t e  t h e  t h e o r y  o u t l i n e d  i n  
C h a p t e r  2 w i t h  some e x a m p l e s .  The e x a m p l e s  w i l l  c o v e r  t h e  
t h r e e  c a s e s  w h i c h  we r e  d e s c r i b e d  t h e r e .  Then we w i l l  e x r  
a mi n e  t h e  way t h e  f u n c t i o n  q ( x )  c a n  d e t e r m i n e  t h e  s p e c t r u m  
o f  y" + ( X  - q ( x  J )y = 0.
Some t h e o r e m s  w i l l  be  s t a t e d  and  a q u a l i t a t i v e  p i c t u r e  o f  
q ( x ;  a s  a p o t e n t i a l  f u n c t i o n  i n  a S c h r o d i n g e r  t y p e  e q u a t i o n  
w i l l  be u s e d ,  t o  p r o v i d e  a p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  
i d e a s  d i s c u s s e d .  E x a m p l e s ,  u s i n g  t h e  L e g e n d r e  a nd  M a g n e t o -  
h y d r o d y n a m i c  b a l l o o n i n g  e q u a t i o n s  w i l l  d e m o n s t r a t e  how q ( x )  
may a l l o w  one  t o  d e t e r m i n e  t h e  t y p e  o f  s p e c t r u m  t o  be  e x ­
p e c t e d  and  a l s o  how t h a t  s p e c t r u m  d e p e n d s  on t h e  v a r i o u s  
p a r a m e t e r s  i n v o l v e d  i n  q ( x ) .
The f i r s t  c a s e  we e x a m i n e d  was t h e  c l a s s i c a l  S t u r m 
- L i o u v i l l e  one  w h e r e  q ( x )  was a s s u me d  t o  be  c o n t i n u o u s  on 
some f i n i t e  i n t e r v a l  [ a , b ] .  The p r o b l e m  t o  be  s o l v e d  was
y" + ( A -  q ( x ) ) y  = 0
w i t h  s o l u t i o n s  and  ' X U j X )  whe r e  t h e  b o u n d a r y
c o n d i t i o n s  a r e
(3.1)
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We t a k e  t h e  s i m p l e s t  c a s e  w h e r e  q ( x )  = 0 on [ a , b ] ,  t h i s  
g i v e s  us  t h e  F o u r i e r  e q u a t i o n  
y" + Xy -  o 
wh i c h  h a s  two l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s
<f>0( X , >s ) = Cos J V  X
( 3 . 2 )
\ ( x , \  ) = S i n
and  WQ( "X )
G i v e n  o u r  two s o l u t i o n s  i n  ( 3 - 2 )  we w i s h  t o  c o n s t r u c t  
s o l u t i o n s  wh i c h  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  i n  ( 3 . 1 ) .  
Two s u c h  s o l u t i o n s  a r e
i j i U A )  -  l \ V )  +  ' Î W - . C * »
and X O t . ' i O -  c  * D X . t O O
I f  we now a p p l y  t h e  b o u n d a r y  c o n d i t i o n s  i n  ( 3 . 1 )  we w i l l  
o b t a i n  t h e  f o l l o w i n g
K <J>4C0fc_,vO -v ^ ' X o ( o ^ i X ' )  -
+  ^ ' . C o ^ X )  -  -  C r . *
and
C ^ C V j j X ^  ■+• 'D'V- o C.
c  ‘K C b , V )  + O 'X . ’. C ^ . ' k )
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A, B,  C and  D. Assume = 0 and  ^>= 0 ,  t h e n ,  s o l v i n g j W e  
o b t a i n  t h e  two s o l u t i o n s
This is a set of four equations in four unknowns;
> fv
( 3 . 4 )
= - ^ C v . ^ C a c . - 0
and  t h e  W r o n s k i a n c o ( V ) i s
Co ( . V>  =  ( 3 . 5 )
> 5 :
The z e r o s  o f  1 4  \  ) a r e  V *  wh e r e
V «  ~  V \o -o > ^  y\  -  A «1 /m - i j j . , . . .  ( 3 6 )
*>\ = 0 i s  n o t  an e i g e n v a l u e  i n  t h i s  c a s e  b e c a u s e  U ( 0 )  ^  0
w '( . > o  -- C V . - Q C ~ f t P . - o Q  _  S U f f r C b - c O
*5- X  *=L /
Vs -  V  v\
c - o * c > » - ^  _  c - i T c v . - e - f  ( 3 - 7)
From
~  y»  CV  w,*) ^**0 ,
V . O O  -  ^ C a c T s T )  )
H C ^ - ) ’ V t „ =  - S C - ^ ( ^ ) _  _ ( 3 . 8 )
I
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Us i n g  t h e s e  r e s u l t s  i n  ( 2 . 6 )  we o b t a i n  t h e  F o u r i e r  s i n e  
s e r i e s
60
"itV* »T
b  -  C* vTTI '  " •J P»-
I f  we p u t  <*. = •*■£ and b  = ^  we o b t a i n  t h e  c o s i n e  s e r i e s
it>0 = v ^ £ Cv^ ^ >  *  'C7 Z. ^ ^  na  v\ - 1 ■» a
The g e n e r a l  F o u r i e r  s e r i e s  w i l l  be  o b t a i n e d  u s i n g  d i f f e r e n t  
b o u n d a r y  c o n d i t i o n s ,  n a me l y  i f  V ( x )  i s  a s o l u t i o n  o f  
F o u r i e r ' s  e q u a t i o n  w h i c h  s a t i s f i e s  t h e  f o l l o w i n g  p e r i o d i c
c o n d i t i o n s
H '  ^a)  = V ( b )
'■V * ( a ) = V ' (  b ) .
A n o t h e r  e x a m p l e  t h i s  t i m e  i n v o l v i n g  B e s s e l ' s  e q u a t i o n  o f  
o r d e r  v
y"  + ^ y 1 + (>n - ^ )  y = 0 ( 3 . 9 )
on t h e  i n t e r v a l  a £ x i  b e® wh e r e  a > 0 ,  a nd  b o u n d a r y  
c o n d i t i o n s  a s  b e f o r e .
S o l u t i o n s  o f  B e s s e l ' s  e q u a t i o n  ( 3 . 9 )  a r e
x)  a nd  Y ^ ( ^ k . x ) .
- 1/2L e t t i n g  y = x . u  we o b t a i n  t h e  e q u a t i o n
u M v - ^ r > » o  (3. 10)
T h i s  e q u a t i o n  i s  o f  t h e  f o r m ( 3 . 1 )  a nd  i t s  s o l u t i o n s  a r e
SxJ  v  ( £ x  . x ) an d Y v  ( . x)  .
\
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— I \
<p0 & j  > 0  -  
wh e r e  s  = J *  . Then
o * ( > ^  =  s  ^ £ T v ^ . < ) ^ ( s . o 0 ^ v ( o O T v U . x 5 ]  -  % ■ ( 3 ' n )
l e t  ok = 0 a nd  = 0 t h e n
<fc> ( x , v )  = ' ^ C o . ^ y [ ' i v ^ ^ o ,i v U c o  - ^ x ^ O T v C s . o o ] ,  
-% ( x , > s  ) = ^ C b ^ j V v C s - ^ v C S . b J -  " fvC s.^ 'S"vC ?.V >X l ) 
a n d U) ( >s  ) = ? - ( o . . b ^ T ^ C a . s ^ N v( b . 9 )  -  N v C a . O - S ^ b s )  ]  .
Hence
c o ( \ )  =
+  C W O -V vC o^ O  -  T v C f X S ^ ^ U s ^ ’ j
U s i n g  ( 3 . 1 1 )  we c a n  s u b s t i t u t e  f o r  Yj and  a f t e r  some
r e a r r a n g i n g  we o b t a i n
t o 'C v O  =  +
l A s  "Sv CV..O T -S  T v C f c .O J
C o.. c  T v C b > )  _  - ^ < a V ) 7
"u ^"- I T A ^ O  'S 'v C v > s ^ j
Hence  i f  t h e  z e r o s  o f c o (  V  ) a r e  Vv>
V , i S ^ * T  T ^ C b s O -  ^ C < x . s . )
'-> '*  J  — o, c . '  ‘ ----- - ~------ :— :  . —c—
and
« . „  =  (■ & ) T v C V j . o / T - A o ^ O  .
Ag a i n  u s i n g  ( 2 . 6 )  we o b t a i n  t h e  F o u r i e r  B e s s e l  e x p a n s i o n
OO - ^«L. . ^ hi
(3.12)
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We w i l l  now l o o k  a t  an e x a m p l e  i n v o l v i n g  t h e  s e c o n d  c a s e .  
T h a t  i s ,  t h e  c a s e  whe r e  t h e r e  i s  a s i n g u l a r i t y  a t  one  o r  
b o t h  e n d s  o f  t h e  x i n t e r v a l ,  b u t  t h e  T i t c h m a r s h - W e y l  c o ­
e f f i c i e n t  m( >s )  i s  m e r o m o r p h i c ,  l e a d i n g  t o  a p u r e l y  s e r i e s  
e x p a n s i o n  o f  t h e  a r b i t r a r y  f u n c t i o n  f ( x ) .
We w i l l  a g a i n  l o o k  a t  B e s s e l ' s  e q u a t i o n  ( 3 . 1 0 )
Out  t h i s  t i m e  on t h e  i n t e r v a l  0 <• x <■ b , b f i n i t e .
2
= s f o r  c o n v e n i e n c e .  The b a s i c  s o l u t i o n s  o f  t h e  
e q u a t i o n  a r e T x J v  ( x . s ) ixYv ( x . s ) a s  f o r  t h e  l a s t  e x a m p l e ,  
<jXx,> ) and  £>(x,  X ) a r e  t h e  s o l u t i o n s  wh i c h  s a t i s f y  t h e  
f o l l o w i n g  b o u n d a r y  c o n d i t i o n s .
c f l t W )  -  a  -  - 1
e o o  -  i  e ' c v >  -- o
The i n t e r v a l  ( 0 , b ]  h a s  t h e  s i n g u l a r i t y  a t  t h e  p o i n t  x = 0
and  when a)  > \  we a r e  i n  t h e  l i m i t  p o i n t  c a s e .  T h i s  i s  
e a s i l y  shown i f  we p u t  X  = 0 i n  e q u a t i o n  ( 3 . 9 ) .  The s o l u t -
-o -V
i n n s  o f  t h i s  s i m p l e r  e q u a t i o n  a r e  x a nd  x a nd  t h e s e
2 i
w i l l  be  L ( 0 , b )  when'^.*- V  \  . Hence  we w i l l  be  i n  t h e
l i m i t  c i r c l e  c a s e .  When "\> = 0 t h e  s o l u t i o n s  1 a nd  l n x  a r e
2
a l s o  L ( 0 , b )  and  t h e  l i m i t  c i r c l e  c a s e  a p p l i e s  h e r e  a l s o .
The l i m i t  p o i n t  c a s e  i s  s o me wh a t  e a s i e r  t o  d e a l  w i t h
b e c a u s e  we n e e d  t o  u s e  o n l y  t h e  b o u n d a r y  c o n d i t i o n s  a t  t h e  
r e g u l a r  p o i n t  b and  t h a t  t h e  s o l u t i o n  ^ ( x , > 0  =
+ m( \ ) . (|) (x , %  ) be  l_2 ( 0 , b )  ( i n  t h i s  c a s e ) .  We w i l l  d e a l  
o n l y  w i t h  t h e  l i m i t  p o i n t  c a s e  a s  t h i s  w i l l  be t h e  o n l y  one  
r e l e v a n t  t o  l a t e r  c h a p t e r s .  Some e x a m p l e s  o f  t h e  l i m i t  
c i r c l e  c a s e  may be  f o u n d  i n  [ 1 4 ]  and  [ 1 5 ] .
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The s o l u t i o n s  s a t i s f y i n g  t h e  a b o v e  b o u n d a r y  c o n d i t i o n s  a r e
<f)c* » =£ ■ . O X c b . o - V ^ . o X c u ) ]
and ( 3 . 1 3 )
-= 2 vThe s o l u t i o n  wh i c h  i s  L ( 0 , b )  i s  x * J v ( x . s )  and  s o  t h e
T i t c h m a r s h - W e y l  c o e f f i c i e n t  m( >*)  c an  be  f o u n d  by a r r a n g i n g
2
t h a t  i t  c a n c e l  t h e  n o n - L  ( 0 , b )  p a r t  o f
y
g i v i n g  us  some c o n s t a n t  m u l t i p l e  o f  x ' J , ,  ( x . s ) . Upon d o i n g  
t h e  c a l c u l a t i o n s  we f i n d  t h a t
r - ,   l .
( 3 . 1 4 )
The e i g e n v a l u e s  >.« a r e  t h e  p o l e s  o f  m(>\ ) w h i c h  a r e  t h e  
z e r o s  o f  J “v  ( b S ^  ) .  I f  we e x p a n d  J v  (bi>J ) i n  a T a y l o r  
s e r i e s  a b o u t  >\ ^
i  . e . X c w  Ix ) = T v  0> J \ .  )  + k  W Ù  T v  ( b K - X  V - v  o  +
3 1 vJ" ^  ( b j> ! *  ) = 0 .  H e n c e  t h e  r e s i d u e  'A,  o f  m ( \ )
a t  i s
<'v>-
by i n s e r t i n g  t h e  T a y l o r  e x p a n s i o n  i n t o  ( 3 . 1 4 ) .  Al s o
J v ( * . / v >) N/ v C3t / x *,)
J ^ v T r ! ( > r K . )
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u s i n g  t h e  W r o n s k i a n  r e l a t i o n  a t  X*  . Hence  t h e  n o r m a l i s e d  
e i g e n f u n c t i o n s  a r e  ( f r o m  ( 2 . 2 ) )
The two p r o b l e m s  d e a l t  w i t h  i n  l a t e r  c h a p t e r s  b o t h  h a v e  
T i t c h m a r s h - W e y l  c o e f f i c i e n t s  w h i c h  a r e  o f  t h e  f o r m d e ­
s c r i b e d  h e r e .  The p r o b l e m s  a r e  t h e  m o d i f i e d  L e g e n d r e  
e q u a t i o n  on t h e  i n t e r v a l  [ 0 , o o ]  and  t h e  M a g n e t o h y d r o d y n a m i c  
b a l l o o n i n g  e q u a t i o n  on ( -  cxb , 00 ) .
We w i l l  now l o o k  a t  some e x a m p l e s  i l l u s t r a t i n g  t h e  t h i r d  
c a s e  c o v e r e d  i n  C h a p t e r  2.  The F o u r i e r  e q u a t i o n  a g a i n  
p r o v i d e s  a s i m p l e  e x a m p l e .  We h a v e
on t h e  i n t e r v a l  ( -  oft , 00 ) and b o u n d a r y  c o n d i t i o n s  a t  t h e  
o r i g i n .
*^ _'u  dc1" O  )
The F o u r i e r - B e s s e l  e x p a n s i o n  w i l l  be
( 3 . 1 5 )
Y" + X Y  = 0
4>(0)  = Sine* (^'  ( 0 )  -  -Cos<*
0 ( 0 )  = Cos<* 0 '  ( 0 )  = Si no t
4 2
© t o i »  r  +
. CL«O0C )
(f) ( : * , \ )  ■=• ^ ¿ n o i,C « ^ ix J  “  j=^ -
I f  f o r  e x a m p l e  we c h o o s e  «.=^^1 t h e n
/V y V \  -. 5  Ovo (sC >fx )
0 O * ,> O  -  — --------- -
( j^ C ^ X ^  = C c ’o C ^ L . ' / x )
( 3 . 1 6 )
i ■(ÎÎ'îC
a s s u m i n g  i m X >  0 t h e n  <6 w i l l  be  i n  L ( 0 .  ^  )
_i rfr*  o
w h i l e  t h e  <^ L w i l l  be  i n  L ( - * > , 0 ) .
The s o l u t i o n s  ( x , X ) and  ' 'V 2(x, X)  w i l l  be  c o n s t a n t
m u l t i p l e s  o f  t h e s e .  W r i t i n g
X }  4- W .C X }  cj) C * , X )  e [? (- ooj o )
we f i n d  t h a t
* * -L/XC*.
v ^ .O O  -  ^  V . O ^ X )  -  J>T ^  ;
s i m i l a r l y  w i t h  e  L~( . o . »cxO ( 3 . 1 7 )
/t/Xa*.
  W  f m  V N  =  -=s- tW \ , . 0 0  -  " 7 = r  M ^ C ^ > 0  = 7 ^ ~  ^
Us i n g  t h e  e x p r e s s i o n s  i n  C h a p t e r  2 ,  ( 2 . 3 8 ) ,  ( 2 . 3 9 )  a nd  
( 2 . AO) we h a v e
5 ' C O  =  - ¿ ^ w . C O - w u m ]  ~  ^  x > 0  I 0  > ^ 0 ,
? '( > Q  X - u ,  r  ¿ t t  v > 0 ,  O V ^ . 0 ,
L wvCX") -  wu(.>0 ) ^
V ) CX^ - o  . (3.18)
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Hence using (2.41)
?vO = ¿vX <*v +
<*» _&a ^  ( 3 . 1 9 )
+ I c ^ c g J E j ^ y .  c ^ c ^ i S )  ^  \
j o ' / a J -  cO J
The o r d i n a r y  f o r m o f  F o u r i e r s  f o r m u l a .
The c a s e  o f  B e s s e l ' s  e q u a t i o n  on  t h e  i n t e r v a l  ( 0 , & ° )  p r o ­
v i d e s  u s  w i t h  o u r  f i n a l  e x a m p l e .  We h a v e  a l r e a d y  e x a m i n e d  
t h e  c a s e  on t h e  i n t e r v a l  ( 0 , b ) ,  we mu s t  now e x a m i n e  t h e  
c a s e  (b,<v>) b e f o r e  d e a l i n g  w i t h  t h e  f u l l  i n t e r v a l  ( 0 , o o ) .
In  t h i s  l a t t e r  c a s e  o f  c o u r s e  b o t h  e nd  p o i n t s  a r e  s i n g u l a r .
F i r s t l y  t h o u g h  t h e  c a s e  ( b , © * ) .  We w i l l  t a k e  t h e  
same b o u n d a r y  c o n d i t i o n s  a t  b a s  f o r  t h e  p r e v i o u s  B e s s e l ' s  
f u n c t i o n  e x a m p l e  i . e .  o t = 0.  Thus  we w i l l  h a v e  t h e  same 
two l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s  ( t a k i n g ' s  = s ) •
9  C x, V> =  ?  ^  5 [ J v  U . o V v  c  ^ . 0  -  ^  (* . • O T J  (fa . O ]  .
The o n l y  s o l u t i o n  wh i c h  i s  s m a l l  a s  x - *oo  f o r  i m ( s ) > 0 ,  i s
h V c . ^ . 0  =  "3 C C a c .O +  i ' W v C ^ O  .
Hence  M ^ ( x , X )  = 0 ( x , X )  + m( "X) <£)(x ) mu s t  be  a
m u l t i p l e  o f  t h i s ;  t h e r e f o r e
w V v _  - s ^ c w o + i - ^ C f a - O  j _ _ _ s h“ c w  I
"  T n t o  s c • <3 - 2 o >
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- u v . u ' »  =  i ^ ' T v ' q o  +  i . x C b o ' )
L TvCbO-v i ^ vCbs5J
-  - s ^ c b s ^ U w o  -  M v < . b * : r s J ( b O  s
TvCV>s5 + ' t j (  b O
^  i __________
- • « b  ' T ' C b O * - - C ( . b . O  ,
u s i n g  t h e  W r o n s k i a n .  A s i m i l a r  f o r m u l a  a p p l i e s  when X  <  0 .  
Now t o  t h e  ( 0 , o O  c a s e .  We b r e a k  up t h e  i n t e r v a l  i n t o  t h e  
t wo i n t e r v a l s  ( 0 , b ]  and  [ b , o 0 )  a nd  t a k e  t h e  p o i n t  b a s  o u r  
b a s i c  p o i n t  i n s t e a d  o f  0 a s  i n  C h a p t e r  2 .  As s u mi n g  t h e  same 
b o u n d a r y  c o n d i t i o n s  a s  b e f o r e  we o b t a i n  t h e  s ame s o l u t i o n s  
i . e .
t / x x / o  = - x a o x ( b s ) ]
e c = 5 ^ s [ ' X i * s ) ^ C k s )  O T jC b s ) ]  +
If X > q i.e. s real then,
2
whe r e  a s  b e f o r e  X  = s . T a k i n g  t h e  l i m i t  p o i n t  c a s e
2
i . e .  \> > ^  t h e n  t h e  s o l u t i o n  w h i c h  i s  L ( 0 ,  b)  i s
v  2x ' J v ( x s )  a nd  t h e  s o l u t i o n  wh i c h  i s  L ( b ,  ttO ) i s
x ^ H ^ i x s ) .  Hence  f r om ( 3 . 1 4 )
w.c>o = -?  i ^ —; -  A -
C b . O  b
and ,
*  * XC^.Ot'vCbs) - X  C\,0
r
■5C‘" 'T v C ^ . O
and from (3.20)
(3.21)
. , O ' . -
• s s ? c t o  ^
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and (3.22)
\
X % ó )  =  i*» J jT y '(V > 0  V - I ^ U o ì
( .T ^ ( b s )  M iC b O ) .
- CIA'»
J
t h a t  i s  w h e n X ^  0 s > 0 and  r e a l ,  when \  <  0 s = i t ,  p u r e l y  
i m a g i n a r y .
Hence  ( 2 . 4 1 )  g i v e s
THE SPECTRUM 0 F y"  + ( X  -  q ( x )  ) y = 0
AND ITS DEPENDENCE ON q ( x ) .
The e q u a t i o n  y"  + ( " X -  q ( x ) ) y  = 0 c a n  be  c o n s i d e r e d  t o  be 
a one  d i m e n s i o n a l ,  t i m e  i n d e p e n d e n t  S c h r o d i n g e r  e q u a t i o n .
I t  i s  w e l l  known f r o m b a s i c  q u a n t u m  m e c h a n i c s  t h a t  t h e  t y p e  
o f  s p e c t r u m  o b t a i n e d  f o r  t h e  e q u a t i o n  w i t h  g i v e n  b o u n d a r y  
c o n d i t i o n s ,  w i l l  d e p e n d  e n t i r e l y  on t h e  f u n c t i o n  q ( x ) .  T h i s
f u n c t i o n  i s  u s u a l l y  known a s  t h e  p o t e n t i a l  f u n c t i o n  b e c a u s e
o f  i t s  a s s o c i a t i o n  w i t h  t h e  p o t e n t i a l  e n e r g y  t e r m  i n  c l a s s ­
i c a l  and  q u a n t u m  t h e o r y .  B e c a u s e  mo s t  s e c o n d  o r d e r  l i n e a r  
d i f f e r e n t i a l  e q u a t i o n s  c a n  be c o n v e r t e d  t o  S c h r o d i n g e r  f or m 
u s i n g  t h e  p r e s c r i p t i o n  i n  C h a p t e r  2 ,  we c a n  o b t a i n  a p o t e n ­
t i a l  f u n c t i o n  a s s o c i a t e d  w i t h  t h a t  e q u a t i o n .  Wi t h  t h i s  
f u n c t i o n  we c a n  d e t e r m i n e  t h e  s p e c t r u m  o f  t h e  e q u a t i o n .
f ( x ) ( 3 . 2 3 )
b e c a u s e  i n  t h i s  c a s e  d*i (u)  = m ^ ( u ) d ^ ( u )  and
d ^ ( u )  = [ m ^ ( u ) ] d ^ ( u ) , s e e  [ 1 5 ,  C h . 3 ] .
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The n e c e s s a r y  t h e o r e m s  a n d  t h e i r  p r o o f s  a r e  t o  be  f o u n d  i n  
[ 1 5 ,  C h . 5 ] .  H e r e ,  we s h a l l  m e r e l y  s t a t e  t h e  t h e o r e m s ,  t h e  
c o n d i t i o n s  u n d e r  wh i c h  t h e y  wor k  a nd  a p p l y  t hem t o  o u r  
e q u a t i o n  ( t h e  M a g n e t o h y d r o d y n a m i c  b a l l o o n i n g  e q u a t i o n ) .
As t h e  p a r a m e t e r s  fA and ^  a r e  v a r i e d  ( i n d e p e n d e n t l y )  t h e  
s p e c t r u m  w i l l  be  shown t o  d e p e n d  on t h e m and  on a n o t h e r  
p a r a m e t e r  c a l l e d  t h e  c h a r a c t e r i s t i c  e x p o n e n t  s e e  Ch.  5 
& 6.  F o r  some v a l u e s  t h e  s p e c t r u m  c h a n g e s  i t s  c h a r a c t e r  
q u i t e  a b r u p t l y .
F i r s t l y  t h o u g h ,  we mu s t  o b t a i n  t h e  p o t e n t i a l  f u n c t i o n  a s s o ­
c i a t e d  w i t h  t h e  o a l l o o n i n g  e q u a t i o n  ( 3 . 2 4 ) .
U s i n g  t h e  me t h o d  d e s c r i b e d  i n  C h a p t e r  2 ,  we t r a n s f o r m  t h e  
e q u a t i o n  ( 3 . 2 4 )  t o
o  (3-24)
wh e r e
( 3 . 2 6 )
and
( 3 . 2 7 )
2 2We s h a l l  a s s u m e  t h a t  a n d X  a r e  r e a l  q u a n t i t i e s .
The t h e o r e m s  d e t e r m i n i n g  how t h e  s p e c t r u m  d e p e n d s  on q ( x )  
f o l l o w .  ( N o t e :  we a r e  d e a l i n g  w i t h  t h e  ( - 00, 00) i n t e r v a l )
THEOREM ( i ) : I f  q ( x ) — a s x-*±0o , t h e n  b o t h  )
a nd  ) a r e  m e r o m o r p h i c ,  h e n c e  t h e  f u n c t i o n s
i Y A X \ )  Wv(>QM->-00 .
^ y ^ v i X x l  , V A U T -  w » « )  W .O v)  -  W W O )
o c c u r r i n g  i n  t h e  ( - o q , o o )  t h e o r y ,  ( s e e  C h . 2 )  a r e  a l s o  
m e r o m o r p h i c .  T h i s  i m p l i e s  t h a t  t h e  e x p a n s i o n  i s  a s e r i e s  
a n d  t h e  s p e c t r u m  d i s c r e t e .
THEOREM ( i i )  : I f  q ( x )  i s  L ( -  oo , oo) ,  t h e r e  i s  a c o n t i n u o u s  
s p e c t r u m  on ( 0 , & o ) f w i t h  a p o i n t  s p e c t r u m  ( w h i c h  may be  
n u l l )  on (~<yj ,  0 ) .  T h e s e  a r e  p r o v e d  i n  [ 1 5 ,  Ch.  5 ] .
B e f o r e  t h e s e  t h e o r e m s  a r e  a p p l i e d  n o w e v e r  t o  o u r  p o t e n t i a l  
f u n c t i o n  q ( x ) ,  i t  wo u l d  be u s e f u l  t o  know how i t s  b e h a v i o u r  
d e p e n d s  on t h e  p a r a m e t e r s  y  anc* ^  •
o\j C x )  =  ^ C c n U S c  -  CV‘*U"  * 0 Sa-J-O bL .
T h i s  h a s  s t a t i o n a r y  p o i n t s  a t  t h e  o r i g i n  and  a t
i  - U  i  J W f -  0
( 3 . 2 8 )
K.
T h e s e  s t a t i o n a r y  p o i n t s  w i l l  be  r e a l  when ^  0 and  
"lJ a nd  when <  0 a n d  ^  > ti
F o r  a l l  o t h e r  v a l u e s  o f  yA and  S  t h e  o n l y  s t a t i o n a r y  p o i n t
A
w i l l  be  a t  t h e  o r i g i n .  When X >  0 i t  w i l l  be  a l o c a l  
minimum and  when \ K £  0 i t  w i l l  be  a l o c a l  maximum.  I t s  
h e i g h t  a b o v e  o r  b e l o w  t h e  x a x i s  i s  g i v e n  by ( i n  a l l  c a s e s )
< \ ( < 0  -  ^  +  ^  ^  *  . ( 3 . 2 9 )
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The v a r i o u s  r e g i o n s  d e s c r i b e d  a b o v e  a r e  i l l u s t r a t e d  on t h e
1.
f o l l o w i n g  g r a p h  o f  a g a i n s t  >6 ( s e e  f i g .  1 ) .
The s h a d e d  r e g i o n s  a r e  wh e r e  ( 3 . 2 8 )  h a s  r e a l  s o l u t i o n s .
V *•
Gr a p h s  o f  q ( x )  f o r  t y p i c a l  v a l u e s  o f  ^  a n d '  i n  t h e  v a r i o u s  
r e g i o n s  f o l l o w .  They s e r v e  t o  i l l u s t r a t e  how q ( x )  b e h a v e s  
a s  t h e  t wo p a r a m e t e r s  a r e  v a r i e d .
We may now i n v e s t i g a t e  t h e  t y p e  o f  s p e c t r u m  t o  be e x p e c t e d  
a-
a s  ^  and ''4 a r e  v a r i e d .  The f i r s t  c a s e  we t a k e  i s  t h a t  o f
A. “L
'  > 0 and  y* . q ( x )  h a s  t h e  f o r m i l l u s t r a t e d  i n
f i g .  2 .  As o n e  c a n  s e e  t h i s  h a s  t h e  s h a p e  o f  a c l a s s i c a l  
" p o t e n t i a l  w e l l "  a nd  s o ,  q u a l i t a t i v e l y  a t  l e a s t ,  one  woul d  
e x p e c t  bound  s t a t e s  t o  o c c u r ,  i . e .  a d i s c r e t e  s p e c t r u m .  
q ( x )  = 0 ( Q ^  ) a s  x - ^ - & °  and  s o  s a t i s f i e s  t h e  r e q u i r e ­
me n t s  o f  t h e o r e m  ( i ) .  Hence  a d i s c r e t e  s p e c t r u m  d o e s  i n  
f a c t  e x i s t  ( o v e r  t h e  wh o l e  r e a l  V  l i n e ) .
V
The s e c o n d  c a s e  we c a n  e x a mi n e  i s  t h a t  when N = 0.  See  
f i g  3 .  I n  t h i s  c a s e
k i ) S i L c C C a O
( 3 . 3 0 )
and  t h e  e q u a t i o n  r e d u c e s  t o  t h e  a s s o c i a t e d  L e g e n d r e  e q u a t ­
i o n  w i t h  i m a g i n a r y  a r g u m e n t .  I t  i s  o b v i o u s  t h a t  q ( x )  i s  
L ( -  oo , oo ) and  s o  t h e o r e m  ( i i )  a p p l i e s .  Hence  we c a n  c o n ­
c l u d e  t h a t  a c o n t i n u o u s  s p e c t r u m  e x i s t s  f o r - A - =  - ( \ + l/£i ) on 
( 0 , o o )  and  a d i s c r e t e  one  b o u n d e d  b e l o w  on ( - M , 0 ) .  F o r  
t h e n ,  t h e  c o n t i n u o u s  s p e c t r u m  e x i s t s  f o r  ( - &o  , - ‘/ h)  a nd  t h e  
f i n i t e  d i s c r e t e  s p e c t r u m  e x i s t s  on t h e  i n t e r v a l  ( - k j , o o ) .  
We e x a m i n e  t h i s  c a s e  ( N = 0 )  i n  d e t a i l  i n  C h a p t e r  4 .
When 0 ( s e e  f i g .  4 ) ,  q ( x ) - *  -  oQ a s  x —■* ± 00 a nd  a 
" p o t e n t i a l  w e l l "  no l o n g e r  e x i s t s .  I t  s e e ms  l i k e l y  t h e n  
t h a t  t h e r e  i s  o n l y  a c o n t i n u o u s  s p e c t r u m  i n  t h i s  c a s e .
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A plot oi ¡i**l against f * l
H»2
RBI
The potential function has two locol 
maxima or minima and a local min. 
or max. when the parameter values lie 
in the shaded regions
A plot of the potential function
q (*)=  7 ' ‘ 2Co3h(x)**2 - { ^ « 2 - 1 /4)Sech(x)**2
0
X
FIG 2
7**2z 1 ond /t*»2 = 1.25
A plot of the potential function
q (» j-  7 »2 C o sh (x )** ?  - ( p 2 - l / 4 ) S e c h ( x ) » 2
o
X
FIG 4
ï* ' î  = - t  ond ^**2 = -1 2 5
A pe! oí t e  potential function
q(jt)= 7**2Costi{x)*»? - ( f i » 2 - l / 4 ) S e d i ( j ) i * 2  
o
«
FIG 6
)r**3 = -1  orvd fi*»2 =  10^5
CHAPTER 4
DETERMINATION OF THE EIGENVALUES IN THE CASE ^  = 0
I n  t h i s  c h a p t e r  t h e  s p e c i a l  c a s e  wh e r e  t h e  p a r a m e t e r  X  
e q u a l s  z e r o  i s  e x a m i n e d .  The T i t c h m a r s h - W e y 1 c o - e f f i c i e n t  
w i l l  be  c o n s t r u c t e d  and  f r om i t  t h e  e i g e n v a l u e  a n d  e i g e n ­
f u n c t i o n s  e x p l i c i t l y  d e t e r m i n e d .
Our  b o u n d a r y  v a l u e  p r o b l e m  i s :
0  +  A + * * 0  -  -  O
0 ( 4 . 1 )
y ( x ) —* 0  a s  x -> - 00 x €  R »
Wi t h  "S = 0 t h i s  r e d u c e s  t o  t h e  m o d i f i e d  L e g e n d r e  e q u a t i o n  
w i t h  t h e  same b o u n d a r y  c o n d i t i o n s .
0  « ¿ O ’S s * - +  ~ i >  ~  T ^ T '  '  O  ( 4 _ 2}
y(x) -=> 0 a s  x — i  x £  R .
The p r o p e r t i e s  o f  L e g e n d r e ' s  e q u a t i o n  a nd  i t s  s o l u t i o n s  
h a v e  b e e n  w e l l  d o c u m e n t e d  ( s e e  f o r  e x .  [ 5 ] ,  [ 9 ]  o r  [ 1 6 ] ) .  
We o b t a i n  t h e  m o d i f i e d  e q u a t i o n  by ma k i n g  t h e  s u b s t i t u t i o n
z = i x  x « R
i n  L e g e n d r e s  e q u a t i o n
o - ^ y £ 2 - - « ^ + £>>(-v + 0  °  u - 3 )
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whe r e  >  = \ > ( V  +1)  i n  t h i s  c a s e .  We w i l l  o b t a i n  t h e  s o l u t ­
i o n s  o f  ( 4 . 3 )  f i r s t l y  and  t h e n  u s e  t h e  a b o v e  s u b s i t u t i o n  
t o  f i n d  t h e  s o l u t i o n s  t o  t h e  m o d i f i e d  e q u a t i o n  ( 4 . 2 ) .
THE SPECTRUM ÜF THE MODIFIED LEGENDRE EQUATION
By u s i n g  t h e  s u b s t i t u t i o n
x = S i n h ( u ) ,
u €. R
y = / [ Cos h(  u ) ,
i . e .  we c a n  t r a n s f o r m  e q u a t i o n  ( 4 . 2 )  t o  S c h r ö d i n g e r  f o r m,  
s e e  [ 1 5 ,  p .  2 2 ] ,  a l s o  C h a p t e r  3:
cl u
I n  t h e  c a s e  o f  t h e  m o d i f i e d  L e g e n d r e  e q u a t i o n
_A.  -  -  V. -  ’/ h  ( 4 . 4 )
Cj^Cu )  =• -  (  S ä. U . ( 4 . 5 )
q ( u )  i n  t h i s  c a s e  i s  L ( 0 , 0 0 )  a n d  we c a n  c o n c l u d e  t h a t  X  
w i l l  h a v e  a c o n t i n u o u s  s p e c t r u m  on ( - o o ,  -  K i ) and  a f i n i t e  
d i s c r e t e  s p e c t r u m  on t h e  i n t e r v a l  ( - ' <<,  oo ) ( s e e  C h . 3 ) .
We w i l l  s e e  t h a t  t h e  p o s i t i o n  o f  e i g e n v a l u e s  and  t h e i r  
numbe r  d e p e n d s  on t h e  p a r a m e t e r  ^  .
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THE SOLUTIONS OF LEGENDRE'S EQUATION
( 4 . 3 )  i s  a l i n e a r  s e c o n d  o r d e r  d i f f e r e n t i a l  e q u a t i o n  w i t h  
t h r e e  r e g u l a r  s i n g u l a r  p o i n t s  a t  +1 a n d  . They h a v e
i n d i c e s  +'*/*. a t  +1 and  -N> a n d S > + l  a t  oo .
Homogeneous  l i n e a r  e q u a t i o n s  w i t h  t h r e e  r e g u l a r  s i n g u l a r  
p o i n t s  a r e  a l l  f o r m s  o f  R i e m a n n ' s  e q u a t i o n  ( o r  P a p p e r i t z  
e q u a t i o n ) ,  s e e  [ 5 ] ,  [ 8 ] ,  [ 9 ]  o r  [ 1 6 ] .
The s y mb o l
r e p r e s e n t s  t h e  c o m p l e t e  s e t  o f  s o l u t i o n s  o f  R i e m a n n ' s  
e q u a t i o n  w h e r e  t h e  s i n g u l a r i t i e s  a r e  a t  z = z n (n = 1 , 2 , 3 )  
and  t h e  c o n s t a n t s  a n , b n a r e  t h e  e x p o n e n t s  b e l o n g i n g  t o
z = z n '
I t  was shown by B.  Ri e ma nn  (185*7) t h a t
Ct, (X*. Gk j
» V) n. b y
( 4 . 7 )
and
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where
x ,  --
(4.9)
A, B,  C, D a r e  c o n s t a n t s  s u c h  t h a t  AD-BC $ 0 .
We c a n  c o m b i n e  t h e  e x p r e s s i o n s  ( 4 . 7 )  and  ( 4 . 8 )  t o  g e t
p  • ct, a  v a
b
[ 1 .  \  -or I
j p -  CX‘+ Q
i  s° ^ '  *■'
*5,
a. j-v o'
) ( 4 . 1 0 )
whe r e
T = 4-C %  -*• ^ L =
Hence  we c a n  e x p r e s s  t h e  s o l u t i o n s  o f  any R i e m a n n - t y p e  
e q u a t i o n  i n  t e r m s  o f  t h e  s o l u t i o n s  o f  any o t h e r  Ri emann 
- t y p e  e q u a t i o n .
I f  we c h o o s e  o u r  s i n g u l a r i t i e s  "£n t o  be a t  t h e  s t a n d a r d  
p o i n t s  0 , fcQ and  1,  and c h o o s e  and  o' so  t h a t  t wo o f  t h e
i n d i c e s  a r e  z e r o  we c a n  e x p r e s s  t h e  s o l u t i o n s  o f  o u r  
g e n e r a l  e q u a t i o n  a s  f o l l o w s :
11 n. 1
+ £  = o  K tx. +  Q  -  O ->  “ 1V &  Ci>
CTi, + O
Solving for A, B, C and D
1  Q -  oo ■=> C 0 = 0  ■*■**■ ^  5
C ^ v + C l  (4.12)
A ^ »  + ^  ^  ^ >  C c  -  O * *  a f t - ©  *  * * >  -  ^ r x  c U O
C  =t-v + t )
and  c h o o s i n g  A = 1 we f i n d  t h a t
( 4 . 1 3 )
I f  i n  t h e  o r i g i n a l  e q u a t i o n  z 2 = «o , t h e n  f r om ( 4 . 1 2 )  
( i i )  C = 0 a n d  a g a i n  c h o o s i n g  A = 1 we o b t a i n
? -  ^ ' ± 1  
3 ( 4 . 1 4 )
9
now t a k e  t h e f o r m
oo
Cl *
' 'o,
-  -  
=  U T - 0 . 9  O
I t , -
Oo 1
C«.v + (X-wV <*■> O
C x  | ^ 3 ^ +  e x . , -V O k )  b * -  C*.;
( 4 . 1 5 )
wh e r e  "t i s  a s  i n  ( 4 . 1 4 )
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The e q u a t i o n  w i t h  i t s  s i n g u l a r i t i e s  a t  t h e  s t a n d a r d  p o i n t s  
i s  t h e  h y p e r g e o m e t r i c  e q u a t i o n
T(T* C C a + b t - O Ï - c ] p '  + o-bf = o , ( 4 . 1 6 )
I t  i s  q u i t e  u s u a l  t h e r e f o r e ,  t o  e x p r e s s  s o l u t i o n s  o f  t h e  
Ki emann  e q u a t i o n  i n  t e r m s  o f  t h e  s o l u t i o n s  o f  ( 4 . 1 6 )  wh i c h  
a r e
f  - 9
C
DO
O o-
i 1 -  C
4
O
C- Ciw- b ( 4 . 1 7 )
The t wo i n d e p e n d e n t  s o l u t i o n s  a t  t h e  o r i g i n  a r e
and
u x = F ( a ,  b ;  | c |  \  )
u 2 = î 1 " 0 F ( b  -  c + 1 ,  a -  c + 1 ; 12 -  c | *5 )
w h e r e  F i s  t h e  g a u s s  h y p e r g e o m e t r i c  f u n c t i o n  d e f i n e d  by t h e  
s e r i e s
F ( a , b  \o (
AÀÎII Y>1 COv>
t 1 < 1 .
The s o l u t i o n s  o f ( 4 . 3 ) c a n be  e x p r e s s e d
f o l l o w s  :
j"  4 oo - <  ï
>4 =  p ' i ^
- V “/ t  i  i
■»%. V+ 1
C o o „  -
r c « o
(4.18)
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Us i n g  ( 4 . 1 5 )  we c a n  e x p r e s s  t h e s e  s o l u t i o n s  i n  t e r m s  o f  t h e  
h y p e r g e o m e t r i c  e q u a t i o n s  s o l u t i o n s .  Thus
C*J
I
-  V
Ur pl + v  + i
* H/„
Co mp a r i n g  t h e  p e q u a t i o n  i n  ( 4 . 1 9 )  w i t h  t h a t  i n  ( 4 . 1 7 )  we 
f i n d  t h a t  one  s o l u t i o n  o f  L e g e n d r e s  e q u a t i o n  a t  +1 i s  
d e f i n e d  t o  be  [ 9 ,  p a g e  1 7 0 ]
ft) -  0 • f ( y _ V  j 14 | l+V*|  ^ O - ^ O )  ( 4 . 2 0 )
wh e r e  a = y* , b = yi + \> + 1,  c = 1 + u  . The s e c o n d  
i n d e p e n d e n t  s o l u t i o n  a t  +1 i s
P v ( 0 =  C%+  0 ^  C l '  V +  1 , H -  )* <A. 21)
f o r  y. n o t  an i n t e g e r .  From ( 4 . 2 0 )  i t  i s  a l s o  o b v i o u s  t h a t
?! OO = ^  C V - -  0  F(- Y - V ,  U  V -  K 11 -  Y I i d  -  V>). ( 4 .  22 )
T h e s e  s o l u t i o n s  a r e  known a s  L e g e n d r e s  f u n c t i o n  o f  t h e  
f i r s t  k i n d .
The L e g e n d r e  f u n c t i o n  o f  t h e  s e c o n d  k i n d  i s  d e f i n e d  f r om 
one  o f  t h e  s o l u t i o n s  a b o u t  t h e  p o i n t  a t  i n f i n i t y
(_fc +
a ,  t  'O  -  i  f c v  + 23)
See [9, page 170, 12.07]
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The p r o p e r t i e s  o f  t h e  L e g e n d r e  f u n c t i o n s  a r e  w e l l  d o c u m e n t -  
eU.  Some o f  t h e s e  a r e  l i s t e d  i n  l a t e r  c h a p t e r s  o f  t h i s  work 
whe r e  n e c e s s a r y .  T h e s e  p r o p e r t i e s  and  many mor e  a r e  t o  be  
f o u n d  i n  t h e  r e f e r e n c e s  a l r e a d y  q u o t e d .
Our  o b j e c t i v e  i s  t o  c o n s t r u c t  t h e  T i t c h m a r s h - W e y l  c o - e f f i c -  
i e n t .  In o r d e r  t o  do t h i s  we n e e d  s o l u t i o n s  t o  L e g e n d r e ' s  
e q u a t i o n  Q ( z )  and <j )(z) ,  w h i c h  s a t i s f y  t h e  b o u n d a r y  
c o n d i t i o n s .
e c c o  -  i  =  o
<£>ccD = o  c j y ( c O ~ - i -
Such  t h a t
H ^ C t O  =  0 c * O  +  w % X > 0 ( | > C - 0
2
i s  L ( 0 ,  * o ) . m2 ( X )  i s  t h e  T i t c h m a r s h - W e y l  c o - e f f i c i e n t .
T h i s  i s  b e c a u s e  q ( u )  i s  an e v e n  f u n c t i o n  o f  u ( s e e  ( 4 . 5 ) )  
and h e n c e  m- ^ ( X)  = -m2 ( X ) .  A l s o  0(z) i s  an  e v e n  f u n c t i o n  
o f  a  w h i l e  <j>(z) i s  an odd f u n c t i o n ,  ( s e e  C h a p t e r  9 u ) . 
N e i t h e r  o f  t h e  t wo s o l u t i o n s  d e f i n e d  s o  f a r  s a t i s f y  t h e  
b o u n d a r y  c o n d i t i o n s  a b o v e .  But  f r om t h e  a n a l y t i c  c o n t i n u ­
a t i o n  o f  t h e  h y p e r g e o m e t r i c  f u n c t i o n s  [ 5 ,  Sn 2 . 1 0 ]  we c a n
y*
e x p r e s s  P v ( z )  i n  t e r m s  o f  two s o l u t i o n s  wh i c h  do s a t i s f y
t h e  b o u n d a r y  c o n d i t i o n s ,  na me l y
( 1 + ^ 5  4- 7 ( 4 . 2 4 )
wh e r e  A & B a r e  c o n s t a n t s  and  z = i x ,  a l s o
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( 4 . 2 5 )
k f c x *  )  =. R *  -  t v  -  ¡ c Y , 1 -  t v  -  i t »  17 *  I - X '  5
[ 5 ,  Sn 3 . 2  ( 2 2 ) ] .  A p p l y i n g  t h e  b o u n d a r y  c o n d i t i o n s  t o  
( 4 . 2 4 )  g i v e s  u s :
-W% _
( a )  © O O  = 0 .  r  C-^ - i t * , +  4;^!
( 4 . 2 6 )
( b )  4> (y-)  s - o C ( 4  + oCO . F"Oc- ^ - ^ | V j - 5 ( . v )
No t e  t h a t  0 ( x )  i s  a n  e v e n  f u n c t i o n  o f  x and ^ ( x )  i s  odd 
a s  e x p e c t e d .  T h e s e  two f u n c t i o n s  a r e  e x p r e s s e d  i n  t e r m s  
o f  h y p e r g e o m e t r i c  f u n c t i o n s  w h i c h  c o n v e r g e  a s  x - * 0 .
In  o r d e r  t o  c o n s t r u c t  t h e  T i t c h m a r s h - W e y l  c o - e f f i c i e n t  we 
mu s t  e x p r e s s  6>( x)  and (£>(x) i n  t e r m s  o f  h y p e r g e o m e t r i c  
f u n c t i o n s  w h i c h  c o v e r g e  a s  x —» oo .
The a n a l y t i c  c o n t i n u a t i o n  o f  F ( a ,  b l c l z )  a s  z —* t>a i s
FC G ^blc |0  = i},<-“‘‘0 " ° '  F ( a , t - c  + <x )
F C b ,  1 '  C+ b H-0.+ b ) !/-* )  ;
tr> _ p c p r c b - c o  o  -  r c o  r c ^  -  b)
s , ' r c b ) r c c - ^  , r c ^ r c c - b ^
[3, 2.10, (2)]. Hence
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„  _  _  f c i i r o ^  _
1 ”  tV*) r 1 C^ S.-*- ♦ i t ' )  ( 4 . 2 7 )
rv-soP C-V^O
^ > o .-  r c ' t v - t v j r c t v - ^ ^ ^ )
T h e r e f o r e  a s  xi i i ci  ci  j i c a —^  QO
q C 3 0  r c o f  ( - » o v . +  o  { • * ? ' ' " )
+  o c - x — )
r  C '- tv  -  i  v o  p  c tv * 1 —
( 4 . 2 8 )
S i m i l a r l y ,  u s i n g  t h e  same t r a n s f o r m a t i o n :
(her) ~  ~  f  c> 0  rC f e n -) c- *■ +  OC-'^O’* ’ -)
P O - * - ^  - ¿ t \ 0 P ( U ^  + i v )
r o o  r c - ^ x - o o " “*  ■_______ ^ - v
P C - k . “  l A ) P C ' t " ‘t V  +  “k v O  . ( 4 . 2 9 )
F o r  a d i s c r e t e  s p e c t r u m  a nd  t h a t  i m p l i e s  t h a t
. I n  t h a t  c a s e  t h e  x"° t e r m  i s  n o t  L ^ ( 0 , & 0 ) .
Hence  i n  t h e  e x p r e s s i o n  f o r  S '  2 ( x ) ,  wh i c h  i s  l_2 ( 0 , < W) ,
t h e  t e r m s  c o n t a i n i n g  x"° i n  <|>(x) and  0 ( x )  mu s t  c a n c e l  e a c h
o t h e r .  We h a v e  t h e r e f o r e :
M4 . 0 0 -  0 ^ )  +  w u M c k * )
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wh e r e  we h a v e  e l i m i n a t e d  t h e  n on  -  L t e r m s  by c h o o s i n g2
w,  ( k  P C «  + i f - O P o  + £ ^ + £ * 0  
w4' ° ° -  ■ (4-30)
From t h e  z e r o s  a nd  p o l e s  o f  it^ C X )  we c a n  f i n d  t h e  e i g e n ­
v a l u e s  o f  § ( x )  and  <f>(x) r e s p e c t i v e l y .
THE EIGENVALUES AND EIGENFUNCTIONS OF 6 ( x )
$ ^We w i l l  d e n o t e  0 (  x)  by 0 v( x ) .  The e i g e n v a l u e s  o f  0 v( x )
a r e  t h o s e  v a l u e s  o f  v  wh i c h  make m ( N )  z e r o .  We o b s e r v e  
t h a t  m ( \ )  i s  z e r o  a t  t h e  p o l e s  o f  "  "k. l O
o r  k y  ,
The p o l e s  o f  P C ' t 4’ nTV o c c u r  wh e r e
k  + k *  n = 0 ,  1,  2 , . . .
o r V  -  -  )A - 1
But  when V > - - ^  t h a t  i m p l i e s  t h a t  
-«a-v*» -  ^  -  1 > -  •%
o r  v'  , wh e r e  [ ] d e n o t e s  t h e  i n t e g e r  p a r t .
F o r  n t o  be  p o s i t i v e  . I f  we a s s u me  y* > 0 ,  t h e n
t h i s  gamma f u n c t i o n  w i l l  n o t  h a v e  any  p o l e s .  On t h e  o t h e r  
hand  t h e  s e c o n d  gamma f u n c t i o n  w i l l  h a v e  p o l e s  when y* > ^  . 
P o l e s  o c c u r  when
V  - - i . y \ 4- yA -  1 , n = 0 ,  1 , 2 , . . . .
whe r e  s q u a r e  b r a c k e t s  a g a i n  d e n o t e  t h e  i n t e g e r  p a r t .  We s e e
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t h e r e f o r e  t h a t  t h e  e v e n  e i g e n v a l u e s  >*n a r e  g i v e n  by t h e  
e x p r e s s i o n
o ' )  ,  ^ ^
k .We o b s e r v e  f r om t h e  f o r e g o i n g  a n a l y s i s  t h a t  when I H *  
t h e r e  i s  no d i s c r e t e  s p e c t r u m .  When 9 v ( x )  w i l l
ha v e  j  e v e n  e i g e n v a l u e s  i f
H r  <  v> <  J = o,  i ,  2 ...........
The c a s e  w h e r e  r e d u c e s  e q u a t i o n  ( A . 3 a )  t o  F o u r i e r ' s
e q u a t i o n .  We know f r o m t h e  p r e v i o u s  c h a p t e r  t h a t  t h i s  
e q u a t i o n  h a s  a c o n t i n u o u s  s p e c t r u m  o v e r  t h e  wh o l e  r e a l  X  
a x i s .
THE EIGENFUNCTIONS Q„ ( x )  :
We n o t e  t h a t  t h e  n s u b s c r i p t  d e n o t e s  t h e  e i g e n f u n c t i o n
-L L
a s s o c i a t e d  w i t h  t h e  n e i g e n v a l u e  wh i c h  a r e  known t o  be
s i m p l e .  We o b s e r v e  f r om t h e  p r e v i o u s  s e c t i o n  t h a t  t h e  n 
e i g e n f u n c t i o n  i s  g i v e n  by
( 4 . 3 2 )
now
Y  ( y \ -  +  ^  | - a c  )  =  ^
k s ° 11 *  ( 4 . 3 3 )
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wh e r e  a s  u s u a l ,  ( a ) ^  = f u  + k ) / i ” ( a ) .  What  i s  t h e  l i m i t  
o f  ( a ) k a s  a - n  ( n an i n t e g e r ) ?  T h e r e  a r e  t h r e e  c a s e s ;  
n < k ,  n = k a nd  n > k .  When n <■ k i t  i s  e a s y  t o  s e e  t h a t  
( - n ) k -  0 .
When n = k we h a v e  u s i n g  [ 5 ,  Sn 1 . 2 ,  ( 3 ) ]
( - k ) k = ( —1 ) k kI
When n > k we s e e  by p u t t i n g  a = - n  i n  t h e  e x p r e s s i o n  
f ( a + k ) /  P ( a )  = ( a + k ) ( a + k - 1 ) ( a + k - 2 ) . . . ( a + 2 ) ( a + 1 )
t h a t  ( - n ) ^  = ( - D ^ n l / k
We c o n c l u d e  f r om t h i s ,  t h a t  t h e  i n f i n i t e  s e r i e s  i n  ( 4 . 3 3 )
L. p
w i l l  be  t r u n c a t e d  a f t e r  t h e  n t e r m .  Hence  Q„(x)  i s  a 
p o l y n o m i a l  o f  d e g r e e  2 n ,  m u l t i p l i e d  by t h e  f a c t o r  
(1  + x )
We g i v e  some e x a m p l e s : -
\ o  = \a C v- -  O- o
G O  = c ' + ^ - i  )  .
THE EIGENVALUES AND EIGENFUNCTIONS OF <fr(x)
We l e t  4>(x)  = cj?y(x) a s  i n  t h e  p r e v i o u s  s e c t i o n .  The 
e i g e n v a l u e s  o f  ( j )v(x) a r e  t h o s e  v a l u e s  o f  v  wh i c h  make 
m2 ( \ )  s i n g u l a r .  The p o l e s  o f  m2 ( \ )  o c c u r  a t  t h e  
p o l e s  o f  P O  + ~ 3 o r  f""1C 1 + oN + 4.1* )  .
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p o l e s  o f  P (  1 4The I Q + ^ * +.Y )  o c c u r  wh e r e
V b - I A n = 0,  1,  2 , . . . .
and  f o r  a d i s c r e t e  s p e c t r u m  -0 *> -  . Hence
VA t  \ \ ( . Y  + X ) ]
and  p o l e s  w i l l  e x i s t  when .
The p o l e s  o f  P O + J eV - - ^ )  o c c u r  wh e r e
■ V = y » - ^ - i -  n -  0 , 1 , 2 ..........
and  s o  vi - \ £ > \  •
Thus  p o l e s  w i l l  e x i s t  when |a *>
Hence  f r om t h e  e x p r e s s i o n  V  + * 0  we o b t a i n  t h e  odd
e i g e n v a l u e s .
=  ( J H  “  C*^v'  * ^ ) 0 v l  ~C *i-Y' + O )  r \ - 0 , \ }aL|
We n o t e  t h a t  t h e r e  w i l l  be  no odd  e i g e n v a l u e s  when 
and  t h a t  t h e r e  w i l l  be  j  odd e i g e n v a l u e s  when
t± l ± 2  s  , ,  > + h-v ^  ^  — ^ 7-  j  = o , 1 , 2 , ------
We c a n  c o n c l u d e  t h a t  t h e  d i s c r e t e  s p e c t r u m  o f  ( 4 . 2 )  w i l l  
be  n u l l  when é  .
THE ODD EIGENFUNCTIONS t  ( x)
(j )^(x) d e n o t e s  t h e  n*'*'1 e i g e n f u n c t i o n .  From ( 4 . 2 6 )  t h e  
e i g e n f u n c t i o n s  a r e :
4 > v b O  -  - x O - o c * )  . F ( v i +  I -  , ( 4 . 3 3 )
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/'N I*F o l l o w i n g  t h e  s ame  a r g u m e n t  a s  f o r  c ) „ ( x ) ,  t h e  h y p e r ­
g e o m e t r i c  f u n c t i o n  w i l l  be  t r u n c a t e d  t o  a p o l y n o m i a l  o f
e v e n  p o w e r .  Hence  <j>*(x) w i l l  be  a p o l y n o m i a l  o f  d e g r e e
22 n + l ,  m u l t i p l i e d  by t h e  f a c t o r  (1 + x )
A g a i n  we g i v e  some e x a m p l e s : -
^  = o > s o  =  C M ' ;
- *7*.
1 -  CV1-  vv-  O  >
= - ci+*.'6™*: (*  -  V - i * - o O .
AN ALTERNATIVE METHOD FOR FINDING THE EIGENVALUES OF 
9 v  AND <f>C
I f  we t r a n s f o r m  F ^ ( - x 2 ) and  F2 ( - x 2 ) o f  ( 4 . 2 5 )  
u s i n g  t h e  f o l l o w i n g  t r a n s f o r m a t i o n
F ( a d O  -  0  - i t .  F C b . c - a l c l i ^ )  % £ < C
and  t h e n  l e t  z = i x ,  x e R  [ 3 ,  Sn .  2 . 1 0  ( 6 ) ] ,  we w i l l  
o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s :
F,C--*')= 0  + 3L’-5 'Cwv ,
^ < - ¡ » - 0 =  . u - 3 4 )  
*
As x-^oo 1 i n  b o t h  h y p e r g e o m e t r i c  f u n c t i o n s  on
t h e  r i g h t  h a n d  s i d e  o f  ( 4 . 3 4 ) .
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We know t h a t  F ( a , b ,  c 1)  w i l l  c o n v e r g e  a b s o l u t e l y  i f  
R e ( c - a - b ) > 0  f o r  ( 4 . 3 4 )  i f  ( a s s u m i n g  v  t o  be r e a l ) .
B u t ,  f o r  a d i s c r e t e  s p e c t r u m ,  -\> > , wh i c h  means  t h a t
b o t h  h y p e r g e o m e t r i c  f u n c t i o n s  i n  ( 4 . 3 4 )  w i l l  d i v e r g e ,  
u n l e s s ,  t h e s e  i n f i n i t e  s e r i e s  t e r m i n a t e .  We c a n  f i n d  t h e  
e i g e n v a l u e s  o f  t7v( x )  a s  f o l l o w s : -
(cT*y)
Vl-20 ( V ^ . v M  • ( 4 . 3 5 )
Now t h i s  s e r i e s  w i l l  t e r m i n a t e  i f
( i )  " O
( i i )  ( »  + ^
I n  o t h e r  w o r d s  i f
(i) r c v ^ - ^ v o
d ì )  ( J i *  * k v  ")
The l e f t  h a n d  s i d e  o f  ( i )  e q u a l s :
+  0 .. .(-fc +
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and this will be equal to zero if
-*!«»'» -  1 , n  i n t e g e r
Then i m p l i e s  t h a t
} y > k  .
S i m i l a r l y  f r om ( i i ) :
v  =  -  i  j  Y ~ ^ ) ■ ■ - ) -  -  °i-v> -  1 .
i m p l i e s  t h a t
< -=r
Hence  t h e  e v e n  e i g e n v a l u e s  a r e : -
\ n = ( I H - 0  , IV1 1 >  - t .
The e i g e n v a l u e s  o f  $ / * )  a r e  f o u n d  s i m i l a r l y  f r om
f ( \ * k y - k y ,  M - i r s O  =
__ y  ( j  +■ j^ v -  c~
~ L   (% .)*  A 1 ( 4 . 3 6 )vn ■= o
The s e r i e s  t e r m i n a t e s  i f
r o + t v - i y - » - " )
-  o
(1) r o + t v - w )
d u  _  o
p O + 1tv  ♦ ■ tv '')
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( i )  i s  z e r o  when
\ > a  n a p o s i t i v e  i n t e g e r
a.melwi th t h e n
r* *  .
T h e r e f o r e  n = 0,  1 ,  2 . . .
( i i )  i s  z e r o  when
V  = a n d
i m p l i e s  v\ <  - -A t*  + ^ 0  •
T h e r e f o r e  n = 0 ,  1 ,  2 , . . . .  -  [ a(\*  + "Va)  ] ,  yi .
Hence  t h e  odd e i g e n v a l u e s  a r e
"x  ^= 0 y l - '^ - 0 0 v'l-‘i-v i - * 0  , It4! > \
T h e s e  r e s u l t s  a r e  i d e n t i c a l  t o  t h e  r e s u l t s  a l r e a d y  o b t a i n e d  
by l o c a t i n g  t h e  z e r o s  a nd  p o l e s  o f  t h e  T i t c h m a r s h - W e y l  
c o - e f f i c i e n t .
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CHAPTER 5
JOINING FACTORS FOR LEGENDRE AND SPHEROIDAL
FUNCTIONS
The e q u a t i o n s  t o  be e x a m i n e d  i n  t h i s  c h a p t e r  a r i s e  when 
t h e  wave e q u a t i o n
y V  + O ( 5 . D
i s  s o l v e d  by s e p a r a t i o n  o f  v a r i a b l e s  i n  c e r t a i n  s y s t e m s  o f  
c u r v i l i n e a r  c o o r d i n a t e s ,  n a me l y  The p r o l a t e  a n d  o b l a t e  
s p h e r o i d a l  c o o r d i n a t e s .
PROLATE SPHEROIDAL COORDINATES : -
T h e s e  c o o r d i n a t e s  u , v , < j >  a r e  i n t r o d u c e d  by means  o f  t h e  
e q u a t i o n s
x = c S i n h ( u ) S i n ( v ) C o s ( $ ) , y = c S i n h ( u ) S i n ( v ) S i n ( ^ ) , 
z = c C o s h ( u ) C o s ( v ) , c c o n s t a n t  > 0.  ( 5 . 2 )
The s u r f a c e s  u = c o n s t a n t  f o r m a c o n f o c a l  f a m i l y  o f  
p r o l a t e  s p h e r o i d s ,  a n d  t h e  s u r f a c e s  v = c o n s t a n t  a 
c o n f o c a l  s y s t e m  o f  t wo s h e e t e d  h y p e r b o l o i d s ,  t h e  f o c i  o f  
t h e  c o n f o c a l  s y s t e m  b e i n g  t h e  p o i n t s  x = y = 0 ,  Z = t c .
The r e s p e c t i v e  r a n g e s  o f  u ,  v ,  and  a r e :
o <  u  <. &o j o  i  < T r  ( o  & 4> eu 'T \
The s u r f a c e s  = c o n s t a n t  a r e  m e r i d i a n  p l a n e s  ^>= 0 ,  and 
<k = 2Vf b e i n g  t h e  s a me ,  u = 0 i s  a d e g e n e r a t e  e l l i p s o i d  
wh i c h  r e d u c e s  t o  t h e  s e g m e n t  x = y = 0 - c 6 z £ c ,
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w h i l e
v = 0 a nd  v = TT a r e  t h e  t wo h a l v e s  o f  t h e  d e g e n e r a t e  
h y p e r b o l o i d  o f  t h e  s y s t e m  r e d u c i n g  r e s p e c t i v e l y  t o  
x = y = 0 ,  z  >, c ,  a n d  x = y = 0,  z ^  - c .
T h u s ,  t h e  e n t i r e  a x i s  o f  r e v o l u t i o n  ( z  a x i s )  i s  a s i n g u l a r  
l i n e  o f  t h e  c o o r d i n a t e  s y s t e m .
U s i n g  t h e  e q u a t i o n s  i n t r o d u c e d  by ( 5 . 2 )
V v  +  —
■i_________ a
+  Ce S >>' $■' '  4  ^  ^  "  °  '
I f  t h e r e  a r e  n o r m a l  s o l u t i o n s  o f  t h e  f o r m
y  = U cu )V cv ;c î ‘t‘  ^ a . t )
Then t h e  f u n c t i o n s  U, V mu s t  s a t i s f y  t h e  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s
+  C o tU u ^  -  u + üjm = o( 5 5)
wh e r e  V  a nd  ^  a r e  s e p a r a t i o n  c o n s t a n t s ,  a nd  S = k c .
( 5 . 6 )  i s  t h e  t r i g o n o m e t r i c  f o r m o f  t h e  S p h e r o i d a l  
e q u a t i o n ,  and  ( 5 . 5 )  may be  r e d u c e d  t o  ( 5 . 6 )  by t h e  c h a n g e  
o f  v a r i a b l e  u = i v .
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F o r  a wave f u n c t i o n  ^  w h i c h  i s  c o n t i n u o u s  i n s i d e ,  o r  
o u t s i d e  a s p h e r o i d  u = c o n s t a n t ,  mus t  be  a p e r i o d i c  
f u n c t i o n  o f  w i t h  p e r i o d  2TJ , and  h e n c e  ja i n  ( 5 . 4 )  mu s t  
be  an i n t e g e r .  A l s o , ^  mu s t  be  b o u n d e d  on e l l i p s o i d s  
u = c o n s t a n t  i . e .  V( v)  mu s t  oe  a s o l u t i o n  o f  ( 5 . 6 )  w h i c h  
i s  b o u n d e d  f o r  O S V  .
As i n  t h e  c a s e  o f  L e g e n d r e s  e q n .  [ 5 ,  3 . 1 ( 2 ) ] ,  t o  wh i c h
( 5 . 6 )  r e d u c e s  when k = 0 ,  s u c h  s o l u t i o n s  e x i s t  o n l y  f o r  
c e r t a i n  c h a r a c t e r i s t i c  v a l u e s  o f  . The b o u n d e d  
s o l u t i o n s  o f  ( 5 . 6 )  a r e  c a l l e d  S p h e r o i d a l  wave f u n c t i o n s .
I f  Y  i s  t o  be  c o n t i n u o u s  i n s i d e  a s p h e r o i d  u = c o n s t a n t  
t h e n  i t  mu s t  be b o u n d e d  on t h e  d e g e n e r a t e  s p h e r o i d  u = 0 ;  
t h i s  d e t e r m i n e s  t h e  c h o i c e  o f  U( u)  and  i n d i c a t e s  t h a t  U( u)  
i s  a c o n s t a n t  m u l t i p l e  o f  V ( i v ) ,  t h a t  i s  U( u)  i s  a 
m o d i f i e d  s p h e r o i d a l  wave  f u n c t i o n  o f  t h e  f i r s t  k i n d .  On 
t h e  o t h e r  h a n d ,  i f  V  i s  a wave f u n c t i o n  r e g u l a r  o u t s i d e  a 
s p h e r o i d  u = c o n s t a n t  t h e n  u s u a l l y  i t s  b e h a v i o u r  a t  
i n f i n i t y  i s  p r e s c r i b e d  t o  be a s y m p t o t i c a l l y  t h a t  o f
r ^ ' e x p i i k r )
wh e r e
r = ( x n*+ y%+ z 1, )*" = c [  ( S i n h ( u ) S i n ( v )  )* + ( C o s h ( u ) C o s (  v)  T*
u
i s  a p p r o x i m a t e l y  ll% w h e n  u i s  l a r g e .  The s o l u t i o n s  o f
( 5 . 5 )  d e t e r m i n e d  by t h e i r  b e h a v i o r  a t  i n f i n i t y  a r e  c a l l e d  
m o d i f i e d  s p h e r o i d a l  wave f u n c t i o n s  o f  t h e  t h i r d  k i n d .
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OBLATE SPHEROIDAL COORDINATES: -
Th e s e  c o o r d i n a t e s  u , v ,  <f> a r e  i n t r o d u c e d  by me ans  o f  t h e  
e q u a t i o n s .
x = c C o s h ( u ) S i n ( v ) C o s ( 4 > )  , y = c C o s h ( u ) S i n ( v ) S i n ( £ )  , 
z = c S i n h ( u ) C o s ( v ) ,  c c o n s t a n t  > 0 .  ( 5 . 7 )
The s u r f a c e s  u = c o n s t a n t  f o r m a c o n f o c a l  f a m i l y  o f  o b l a t e  
s p h e r o i d s ,  t h e  s u r f a c e s  v  = c o n s t a n t  a c o n f o c a l  s y s t e m  o f  
o n e - s h e e t e d  h y p e r b o l o i d s ,  and  t h e  s u r f a c e s  <f) = c o n s t a n t  
a r e  m e r i d i a n  p l a n e s .  The f o c a l  c i r c l e  o f  t h e  c o n f o c a l  
s y s t e m  i s  t h e  c i r c l e  x ' + yx = c~ , z = 0.
The r a n g e s  o f  u , v ,  <f> a r e  r e s p e c t i v e l y  :
o  i  u < m  , o < nt £ Tr j ¿VTT
§> = 0 and  = 2 ^  b e i n g  t h e  s ame  m e r i d i a n  p l a n e .  
u= 0 i s  a d e g e n e r a t e  s p h e r o i d  w h i c h  c o v e r s  t h e  a r e a  i n s i d e
t h e  f o c a l  c i r c l e  t w i c e .  v= 0,  a n d  v=Tt  a r e  t wo h a l v e s  o f  a
d e g e n e r a t e  h y p e r b o l o i d  r e d u c i n g  r e s p e c t i v e l y  t o  t h e  
p o s i t i v e ,  and  n e g a t i v e  z - a x i s ,  a n d  v = \  i s  a d e g e n e r a t e  
h y p e r b o l o i d  w h i c h  l i e s  i n  t h e  p l a n e  z = 0,  a nd  c o v e r s  t h e
a r e a  o u t s i d e  t h e  f o c a l  c i r c l e  t w i c e .  Thus  t h e  e n t i r e
x , y - p l a n e  i s  a s i n g u l a r  s u r f a c e  o f  t h e  c o o r d i n a t e  s y s t e m .  
Us i n g  t h e  e q u a t i o n s  i n t r o d u c e d  by ( 5 . 7 )
V V  4 - K ' V  =
-  ^ 37^  U u -  +  'ov'- + C < * v v , J  (5 8)
+  + w.'-M' -  cs .
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If there are normal solutions of the form
(5.9)
t h e  f u n c t i o n s  U a nd  V mu s t  s a t i s f y  t h e  o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s :
-|\-V-C^UN, - v^L V ju  = o 
0 . -  , \ V .  - ' i ' - S o . s r  -  ^ G ~ < - V ] \ |  =  o
( 5 . 1 0 )
( 5 . 1 1 )
Her e  V  and y*> a r e  s e p a r a t i o n  c o n s t a n t s  and  ^  = k c .
( 5 . 1 0 )  may be  t r a n s f o r m e d  t o  ( 5 . 1 1 )  by t h e  s u b s t i t u t i o n
u = i  ( v -  '‘Vi) .
F o r  t h e  s p h e r o i d a l  wave f u n c t i o n s  |a mu s t  a g a i n  be  an 
i n t e g e r .  The s o l u t i o n s  U( u)  a r e  a s  f o r  t h e  p r o l a t e  
s p h e r o i d a l  c a s e ,  w i t h  s l i g h t  m o d i f i c a t i o n s :  f o r  d e t a i l s  
s e e  [ 5 b ,  P a g e  9 6 ] .
I n  t h e  c a s e  o f  t h e  b a l l o o n i n g  e i g e n v a l u e  p r o b l e m  t h e  
e q u a t i o n  i s
T h i s  c a n  be  o b t a i n e d  f r om ( 5 . 6 )  by t h e  s u b s t i t u t i o n
wh i c h  g i v e s  t h e  a l g e b r a i c  f o r m o f  t h e  S p h e r o i d a l  e q u a t i o n
N o t e :  I n  ( 5 . 1 1 )  i s  r e p l a c e d  w i t h  ( c o m p a r e  w i t h  ( 5 . 6 ) ) .
v z € C
O ' (5.13)
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Now t h e  s u b s t i t u t i o n  z = - i x  x t R ,  t r a n s f o r m s  ( 5 . 1 3 )  t o
( 5 . 1 2 ) .  As s u mi n g  y" and  a r e  r e a l ,  a n d  y ( x ) - >  0 a s  x - ^ i  oO
a r e  t h e  b o u n d a r y  c o n d i t i o n s ,  t h e n  ( 5 . 1 2 )  s u b j e c t  t o  t h e s e  
c o n d i t i o n s  i s  a s y m m e t r i c  S t u r m - L i o u v i l l e  p r o b l e m .  Hence 
t h e  s p e c t r u m  i s  a s u b s e t  o f  t h e  r e a l  X - a x i s .  In 
p a r t i c u l a r  t h e  e i g e n v a l u e s  a r e  r e a l ,  a n d  t h e
e i g e n f u n c t i o n s  y n ( x ; > . * )  f o r m an o r t h o g o n a l  s e t  on 
( - o o , c P )  ( n = 0,  1,  2 . . . ) .  U n l i k e  t h e  S p h e r o i d a l  wave
f u n c t i o n s  w h e r e  i s  r e s t r i c t e d  t o  i n t e g e r  v a l u e s
( y. = m) ,  i n  t h e  b a l l o o n i n g  e q u a t i o n  c a s e  i t  t a k e s  
a r b i t r a r y  r e a l  v a l u e s .
The c h a r a c t e r i s t i c  e x p o n e n t  v  wh i c h  d e p e n d s  on ' S , yv and>* 
w i l l  g e n e r a l l y  t a k e  c o m p l e x  v a l u e s  i n  t h e  b a l l o o n i n g  
e q u a t i o n  c a s e ,  w h e r e a s  f o r  t h e  s p h e r o i d a l  wave f u n c t i o n s  
i t  was r e s t r i c t e d  t o  i n t e g e r  v a l u e s  ( 'O = n i  m ) .
I n  t h i s  c h a p t e r  we w i l l  e x a m i n e  t h e  p r o p e r t i e s  o f  t h e  
s o l u t i o n  t o  ( 5 . 1 3 ) ,  b e a r i n g  i n  mi nd t h a t  t h e s e  a r e  t h e  
s o l u t i o n s  t o  t h e  b a l l o o n i n g  e i g e n v a l u e  p r o b l e m  ( 5 . 1 2 )  w i t h  
i m a g i n a r y  a r g u m e n t .  We o b s e r v e  t h a t  e q u a t i o n  ( 5 . 1 3 )  h a s  
r e g u l a r  s i n g u l a r  p o i n t s  a t  z = i l ,  w i t h  e x p o n e n t s  a t  
b o t h  1 and  - 1 .  T h e s e  c a n  be  f o u n d  u s i n g  s t a n d a r d  
t e c h n i q u e s  t o  be  s e e n  i n  [ 2 ]  o r  [ 1 3 ] .  T h e r e  i s  an 
i r r e g u l a r  s i n g u l a r i t y  a t  &o , and  t wo s o l u t i o n s  o f  ( 5 . 1 3 )  
b e h a v e  a t  o° l i k e  zv  t i m e s  a s i n g l e  v a l u e d  f u n c t i o n ,  and  z‘v"' 
t i m e s  a s i n g l e  v a l u e d  f u n c t i o n .  He r e  v  i s  c a l l e d  t h e  
c h a r a c t e r i s t i c  e x p o n e n t  o f  ( 5 . 1 3 ) .  I n  g e n e r a l  i t  i s  a 
f u n c t i o n  o f  V , ^  a n d S  .
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I t  i s  mor e  u s u a l  t h o u g h  a nd  mor e  c o n v e n i e n t  t o  
r e p r e s e n t s  a s  a f u n c t i o n  o f v , yA and  ^ . T h i s  d e p e n d e n c e
d e s c r i b e d  i n  C h a p t e r  4 ,  w h i l e  f o r  1'1‘M 1 ( 5 . 1 3 )  may be
a p p r o x i m a t e d  by B e s s e l s  e q u a t i o n .  T h i s  s u g g e s t s  t h a t  
s o l u t i o n s  o f  t h e  S p h e r o i d a l  e q u a t i o n  may be  f o u n d  a s  
i n f i n i t e  s e r i e s  o f  L e g e n d r e  o r  B e s s e l  f u n c t i o n s .  The 
L e g e n d r e  S e r i e s  s o l u t i o n s  ( s o l u t i o n s  o f  t h e  f i r s t  t y p e )  
a r e  v a l i d  c l o s e  t o  i l .  Wh i l e  t h e  B e s s e l  s e r i e s  s o l u t i o n s  
( s o l u t i o n s  o f  t h e  s e c o n d  t y p e )  a r e  v a l i d  c l o s e  t o  t h e  
i r r e g u l a r  p o i n t  a t  60 . The t wo t y p e s  o f  s o l u t i o n  a r e  
a n a l y t i c a l l y  c o n n e c t e d  by j o i n i n g  f a c t o r s  w h i c h  e n s u r e  
m a t c h i n g  i n  t h e  d o ma i n  w h e r e  b o t h  a r e  v a l i d .  Th e s e  
j o i n i n g  f a c t o r s  w i l l  be  d e r i v e d  i n  a l a t e r  s e c t i o n .
SOLUTIONS OF THE FIRST TYPE
The S p h e r o i d a l  e q u a t i o n  ( 5 . 1 3 )  i s  a s e c o n d  o r d e r  
d i f f e r e n t i a l  e q u a t i o n ,  a n d  t h e r e f o r e  h a s  t wo l i n e a r l y  
i n d e p e n d e n t  s o l u t i o n s .  N e a r  i l  we t a k e  t h e s e  t o  be
i s  d e n o t e d  by t h e  n o t a t i o n  ) a s  i n  [ 5 b ] ,  [ 1 0 ]  and
[1 2].
SOLUTIONS OF THE SPHEROIDAL EQUATION
A-
When ^  = 0 ( 5 . 1 3 )  r e d u c e s  t o  L e g e n d r e s  E q u a t i o n  a s
( 5 . 1 4 )
a  <C
V i - »
(5.15)
« ( H ,  0
V  a -  eo
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Where we make t h e  r e s t r i c t i o n  p+V £  0 ,  1 1 ,  Î  2 ,  —  
b e c a u s e  GTv+vt(» O is  n o t  d e f i n e d  f o r  t h e s e  v a l u e s .
F o r  ( 5 . 1 4 ) ,  z i s  i n  t h e  c o m p l e x  p l a n e  c u t  a l o n g  t h e  r e a l  
a x i s  f r om -  oq t o  +1 and  | A r g ( z  + l ) | ^ T t  :
S e e  [ 5 ,  3 . 2  ( 6 ) ] .  F o r  ( 5 . 1 5 )  x i s  on t h e  c u t  ( - 1 , 1 ) :  See  
[ 5 ,  3 . 4 ] .  We w i l l  d e a l  w i t h  t h e  s o l u t i o n s  i n  ( 5 . 1 4 ) .
O t h e r  s o l u t i o n s  v a l i d  i n  a n e i g h b o u r h o o d  o f  i l  a r e
R e l a t i o n s h i p s  b e t w e e n  t h e s e  v a r i o u s  s o l u t i o n s  c a n  be  f o u n d  
u s i n g  t h e  p r o p e r t i e s  o f  t h e  L e g e n d r e  f u n c t i o n s ,  a nd  t h e
e x p a n s i o n  c o e f f i c i e n t s  0 - 'v ,v Q 'O .
THE RECURRENCE RELflT I ON FOR frçj )
S u b s t i t u t i o n  o f  one  o f  t h e  s o l u t i o n s  i n  ( 5 . 1 4 ) ,  o r  ( 5 . 1 5 )  
l e a d s  t o  t h e  f o l l o w i n g  t h r e e - t e r m  r e c u r r e n c e  r e l a t i o n :
f  6 v  +  -  £  X v  + - l v  -  ^  -  O  r
4  - > 0 ( N  + ">•
+  C v  + + Ÿ  * + i t  -v- y- -v ' ) h
( y  v v o C ~ > ) + v T + v - O
^  'X  '~ ( v + - i . < X v  +  *1-'r  +• 0  +■ *sr +  ^  ~ ! i
-  o  ,
( 5 . 1 6 )
wh e r e  a%r= a ^ .jM a n d  >f s  0 , ± l ,  . . ,
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Us i n g  ( 5 . 1 6 ) ,  t h e  c o e f f i c i e n t s  a V;Vr and  a,VH ^ s a t i s f y  t h e  
f o l l o w i n g  r e l a t i o n s :
-v -l
-i4 _ r c v - ^ o r C v
^Vjir P(y+ + O P(v- + %•< 4- O ^ v' ‘1-'r •
±1*
SOME PROPERTIES OF THE SOLUTIONS OF THE FIRST TYPE 
From t h e  p r o p e r t i e s  o f  L e g e n d r e  f u n c t i o n s  [ 5 ,  3 . 3 . 1 ] ,  we 
c a n  e s t a b l i s h  t h e  f o l l o w i n g  i d e n t i t i e s : -
I ( 5 . 1 8 )
S  ¿ ^ T r  (-v  -  ; * 0  —
r (§ ^ ''T C v + v O Q k V ^>C':f c j ' i ) - î r ^ t* . I S v ( ' ^ ' ' O  , ( 5 . 1 9 )
T s v ^ ' O - r c v + ^ o  i ? 4  vf e ;  v ) -  " r  O s ^ * )
( 5 . 2 0 )
THE CIRCUIT RELATIONS:
G s v C ^ e ' ’ G t s v ( i = ; ^ . )  , ( 5 . 2 2 )
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THE CHARACTERISTIC EXPONENT*U
The e x p o n e n t  a r i s e s  i n  t h e  f o l l o w i n g  way:  A s o l u t i o n  o f
( 5 . 1 3 )  v a l i d  n e a r  +1 o r  - 1  i s  e x p r e s s i b l e  i n  t e r m s  o f  an
i n f i n i t e  s e r i e s  o f  L e g e n d r e  f u n c t i o n s  ( 5 . 1 4 a ) .
Gls vOfc — ^-1^“ O Q-VjVrt'O .
<"t:- #o
S i n c e  ( 5 . 1 3 )  r e m a i n s  u n c h a n g e d  when z i s  r e p l a c e d  by - z  
t h e n  i s  a l s o  a s o l u t i o n .  U s i n g  t h e  c i r c u i t
r e l a t i o n s  f o r  t h e  L e g e n d r e  f u n c t i o n  [ 5 ,  3 . 3 . 1 ]
t* r t t i  \ r j“  a ' *  r  \
( 5 . 2 3 )
Then t h e  t wo s o l u t i o n s  o f  ( 5 . 1 3 )  Q s ^ ( z ; * * )  and  
Q s v ( z e  ‘ ; -< ) a r e  p r o p o r t i o n a l  i . e .  ( 5 . 2 2 )
We c a n  o o t a i n  an  e x p r e s s i o n  f o r  V  a s  f o l l o w s :
To a v o i d  c o m p l i c a t i o n s  w i t h  t h e  Dr a n c h  p o i n t s  we l e t
z >  1.  Take  a s  a f u n d a m e n t a l  s e t  t h e  s o l u t i o n s  y n ( z )  
o l
and y 2 ( z ) o f  ( 5 . 1 3 ) ,  s a t i s f y i n g
y l ( z o ) = 1 ^ y ' l ( z o ) = 0 and  y 2 ( Z o ) = ° >
y ' _ ( z  ) = 1 .  Then a g e n e r a l  s o l u t i o n  o f  ( 5 . 1 3 )  i s  
1 2 o
y ( z )  = A y ^ ( z )  + 8 y 2 ( z )  , A and 8 c o n s t a n t s .
S i n c e  y ( - z )  mu s t  a l s o  be  a s o l u t i o n ,  t h e n  t h e  c i r c u i t  
r e l a t i o n  c o n d i t i o n
^  k c o n s t a n t .
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u s i n g  t h e  i n i t i a l  c o n d i t i o n s  a t  z Q we f i n d  t h a t
=  M e
t h e r e f o r e
k ' V . b . e ” 1)  •
i t  f o l l o w s  t h a t
a C ^ c t . . ^ 1)  -  O  + ' ^ „ . O t . e T ' O  -  o
( 5 . 2 4 )
K o*.*Bb +  = °
T h i s  i s  a p a i r  o f  h o mo g e n e o u s  l i n e a r  e q u a t i o n s  i n  A and
B. F o r  a n o n - t r i v i a l  s o l u t i o n  t h e  d e t e r m i n a n t  mu s t  e q u a l  
z e r o ,  t h a t  i s
implies
w h i c h  i m p l i e s
\ C +  °  ,
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XK
wh e r e  W(z q Q,  ) i s  t h e  W r o n s k i a n  wh i c h  i s  known t o  e q u a l  
1,  a t  z Q, f r o m t h e  b o u n d a r y  c o n d i t i o n s .  T h i s  g i v e s  t h e  
c o n d i t i o n  on k;
tV  t^ \ I — /-V
q ;  4 Q, n  -  A = o«4.W W
wh i c h  i m p l i e s
_ ‘x  i, Ç rr  -v> -  M
o r ( 5 . 2 5 )
wh i c h  h a s  s o l u t i o n s ,  -\> , - s ) +2n ,  a nd  - 1 - v ,  and  - l - ‘V+2n 
wh e r e  n = 0 ,  i l ,  Î  2 , . . . .  Hence  t h e  t wo s o l u t i o n s
s a t i s f y  t h e  c i r c u i t  r e l a t i o n s  a b o u t  t l : t h u s
The t wo s o l u t i o n s  w i l l  h a v e  L a u r e n t  e x p a n s i o n s  c o n v e r g e n t  
i n  w h i c h  h a v e  t h e  f o r m
T h e s e  t wo s o l u t i o n s  s a t i s f y  t h e  a b o v e  c i r c u i t  r e l a t i o n s .
I n  a d d i t i o n  t h e y  w i l l  oe  l i n e a r l y  i n d e p e n d e n t  s o l u t i o n s  as  
l o n g  a s  (n an  i n t e g e r ) ,  b e c a u s e  i n  t h a t
c a s e  V s  - t - V  a n d  t h e  two s o l u t i o n s  a r e  p r o p o r t i o n a l  t o  
e a c h  o t h e r .
' ' à . o o  = - i 1
( 5 . 2 6 )
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a l o g a r i t h m i c  t e r m .  I t  w i l l  n o t  be  n e c e s s a r y  t o  s t u d y  
t h i s  c a s e  i n  d e t a i l .
When - v\ the second independent solution will contain
SOLUTIONS OF THE SECOND TYPE
T h e s e  a r e  s o l u t i o n s  w h i c h  a r e  c o n v e r g e n t  f o r  l a r g e  z .  
They h a v e  t h e  f o r m :
.-I
S r i v . - O s  0 E p C *  W ' C L .  U r - o  ( 5 - 2 7 )
Wher e ,  w r i t i n g  T = S z ,
T A ) - - ( h t
( 5 . 2 8 )
We r e c a l l  t h a t  J  a nd  Y o s c i l l a t e  a t  i n f i n i t y  on t h e  r e a l  
p o s i t i v e  ~f a x i s ,  w h i l e  H(l> and H<0 a r e  e x p o n e n t i a l l y  s m a l l  
o r  l a r g e  on t h e  i m a g i n a r y  TJ a x i s .
Se e  [ 5 b ,  1 6 . 9 ,  ( 5 )  and ( 6 ) ]  f o r  d e t a i l s .  The Q . 't , ^ ( N )  a r e  
t h e  same a s  f o r  t h e  s o l u t i o n s  o f  t h e  f i r s t  k i n d ,  a nd  t h u s  
a r e  g o v e r n e d  by t h e  same r e c u r r e n c e  r e l a t i o n  ( 5 . 1 6 ) .  Al s o
w
A v  h ’O  -  ¿ J e 0 V „ A ,  W ' )
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i s  a n o r m a l i s i n g  f a c t o r .  I t  i s  c h o s e n  s o  t h a t  a s  z —*<*J 
i n  | Arg ( ' i . z ) I 4. Tt
• \ i r u ) — * t - O "«v 4-n.v* y T v
u ti)
Then (zj ' t f )  p o s s e s s e s  t h e  a s y m p t o t i c  b e h a v i o u r
C k r O  ~  <5-25)
a s  z — i n | Arg ( S.z) |<TT .
’NK.'Cvf » and h e n c e  S ^ ' , i s  o f  t h e  f o r m V '  t i m e s  a f u n c t i o n  
wh i c h  i s  s i n g l e  v a l u e d  n e a r  oo
[ 5 b ] :  s f  i s  c a l l e d  a s o l u t i o n  o f  t h e  f i r s t  k i n d .
S v ^ i s  c a l l e d  a s o l u t i o n  o f  t h e  s e c o n d  k i n d  ( a s s o c i a t e d  
w i t h  t h e  - 1 - " V e x p o n e n t ) and f r o m ( 5 . 2 8 ) ,  ( 5 . 2 9 )  i t  i s  s e e n
u u (u)
t h a t  S v and  Sv v a n i s h  e x p o n e n t i a l l y  a s  z-»«o i n  t h e  h a l f
a (,-V
p l a n e s  Im( S>z) > 0,  and  Im( S z )  < 0 r e s p e c t i v e l y .  Thus  Sv 
a r e  s o l u t i o n s  o f  t h e  t h i r d  k i n d .  B e s i d e s  t h e  f o u r
a,
s o l u t i o n s  Sv t h e r e  a r e  t h e  t w e l v e  o t h e r  s o l u t i o n s
-liLl) + y*
Sv and  S.v ., ( j  = 1 , 2 , 3 , 4 ) .  Numer ous  r e l a t i o n s  e x i s t  
b e t w e e n  t h e s e  v a r i o u s  s o l u t i o n s  a s  a r e s u l t  o f  ( 5 . 2 9 ) ,  o r
( 5 . 1 7 )  and  i d e n t i t i e s  b e t w e e n  B e s s e l  f u n c t i o n s .
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5 ^  =
Mis') - ^ 1 * 0 0  0 - y i  c.«
Sa v ~ Ss^i + t  v  = \
-¿ ttC v  + JO_,nCU)
^  - ^ v  =  e ,  s _ v _*
q*1* = - < 1C C "  s«v* + C ’, ]
f • r* ~I" *f C * t0 c 1410 ^ i w C v + O n  
S v  -  L -^ -v -, -  :>v . <2, J
^ r ^ - T t s ^ e . 1" ^ 0 -  c ; :  ]
R e f e r e n c e s  f o r  t h e s e  r e l a t i o n s h i p s  c a n  be f o u n d  i n  
[ 5 b ,  Pa ge  1 3 8 ] .  As i n  t h e  c a s e  o f  B e s s e l  f u n c t i o n s ,  i t
v* COt u r n s  o u t  t h a t  any t wo o f  t h e  f o u r  s o l u t i o n s  S i  a r e  
l i n e a r l y  i n d e p e n d e n t  a s  l o n g  a s v  + \^ ^ n an i n t e g e r .
THE JOINING FACTOR K )
From ( 5 . 2 2 )  w i t h  t h e  s u b s t i t u t i o n  - ^ - 1  f o r  v  we s e e  t h a t
v* t* i1)Qs ( z j ' O ,  I s  a s o l u t i o n  o f  t h e  f i r s t  k i n d ,  a s  i s  S v ( z j ' i ) ,
i . e .  t h e y  a r e  b o t h  a s s o c i a t e d  w i t h  t h e  e x p o n e n t ' s ?  a t  oo .
T h i s  means  t h a t  t h e y  a r e  p r o p o r t i o n a l  t o  e a c h  o t h e r  and
f r om [ 5 b ,  1 6 . 9 ,  ( 2 8 ) ]  we c a n  w r i t e :
A few which we shall use later are listed below.
(5.30)
( 5 . 3 1 )
( 5 . 3 2 )
-/O = Qs^Ofc ^  )  (5.33)
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u
Where Kv ("i( ) i s  a p a r a m e t e r  d e p e n d e n t  c o n s t a n t  c a l l e d  t h e  
j o i n i n g  f a c t o r .  ) c a n  be d e t e r m i n e d  by e x p a n d i n g
S^Cz , **  ) and  Q s ^ z , ^ )  a s  L a u r e n t  d o u b l e  s e r i e s  i n  p o w e r s
2 2 o f  z , and  e q u a t i n g  c o e f f i c i e n t s  o f  l i k e  p o w e r s  o f  z
[ 9 ,  Ch.  4 ]  and  [ 5 b ,  1 6 . 9 ] .
From ( 5 . 1 4 b )  and  [ 5 ,  3 . 2 ,  ( 4 1 ) ]  we h a v e :
* - - (  t - v ' T  **  o / v . , C * n O  =
fCrt’ 0 =  p ( V
U s i n g  t h e  L e g e n d r e  d u p l i c a t i o n  f o r m u l a  i n  t h e  F f u n c t i o n  
and  r e a r r a n g i n g  we o b t a i n :
c^ V O - y ~ ) ^ G u U v , w )  =
S i m i l a r l y  f r om [ 5 a  , 7 . 2 ,  ( 2 ) ]  and  ( 5 . 2 7 )  and  ( 5 . 2 8 )  
we h a v e  )  -
=
( 5 . 3 5 )
0.(1} o W.
I n  ( 5 . 3 5 )  S v (z, -t f) i s  m u l t i p l i e d  by t h e  f a c t o r  ( 1 - z  )
w h i l e  i n  ( 5 . 3 4 )  Q s ^ ( z , S )  i s  m u l t i p l i e d  by ( 1 - z - 2 ) ^ 4, . 
T h i s  p r o b l e m  c a n  be  r e s o l v e d  u s i n g  ( 5 . 3 0 )
Qr= c °
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H e n c e  =
I _ s ' i  0-^ C + ^  «ti'C+t.)- i!S -  _ !£_ . . t  ,. ( i )  T_
’ •■'• 't! r (» + 'V .i.+ V C -t- .0  ( 5 . 3 6 )
I f  now,  b o t h  s i d e s  o f  ( 5 . 3 3 )  a r e  m u l t i p l i e d  by 
-'*>/ - 2  ”^ az ( 1 - z  ) . We c a n  e q u a t e  t h e  R . H . S .  o f  ( 5 . 3 4 )  and
( 5 . 3 6 )  a nd  o b t a i n :  M ^ ^
t a x ^ o i y ~ y ~ j < o QLy,^  f  \ p r o . v ^ 4 ^ n )  “
f : - »  t - 0
= ^ T ( v - ^ \ < , v ( . - < ) y '  ¿ i c - o V ,  , LI ( v p ^ ^ T f r - v - n - ->■»■)
Cs- w^-.o
( 5 . 3 7 )
We s e e  now t h a t  t h e  p r o b l e m  i s  e s s e n t i a l l y  t h a t  o f  f i n d i n g  
k when
=  k i
ys-*otso ■Ts.w t ; 6
Where ,
S c l ^ O - y O  ’
__ /   < _
C * J<r -  V r U . a v, ^ . U J  t , p Cv + X + v<- + * )
and
i - r  i f  f Z  a . ^ - <t?
F o r  a p a r t i c u l a r  t  l e t  j  = r + t ,  t h e n  t  = j - r
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Hence
£ t  = t t  - t t
»  t - O  < - -»  i s T  ^3-»0
T h e r e f o r e
<■ '-" t - o  L —- i —  <* c .  -  /  )  r-Is.-*» -rS.«ft * --- *  /   LOx-*«
S i m i l a r l y
f  E  = f  - ^  f -  ,
f ; -  to •
2
Now e q u a t i n g  p o w e r s  o f  z
=  ( v i
-1 = -  -5
i m p l i e s  j  = 0 and  t h a t  i m p l i e s  r  = - t  
Hence
0 v
vfC -  >Ts -  0»
«4 ® <= O
V '« '
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We see therefore that:
rL.<•3 .0
U s i n g  ( 5 . 1 7 )  we c a n  r e p l a c e  a* w i t h  a J jVr , a l s o
C . v - y O  -  - S s  il— TxCy^--o )  and
s'zSrc^T) = r c ^ r o + v - , » ) .
Hence  we h a v e
% c i f  k!c-o
e  r o ^ - v . )  ■
_ r > * (- i r ’
"  t Z  [ c -  0 "  a U -  t ^ X < “! r c  v  v  -  -cV )
<-* O
( 5 . 3 8 )
A l l  o f  t h e  S^W( z , - 0  c a n  be  e x p r e s s e d  i n  t e r m s  o f  S ^ i z , ^ )  
by ( 5 . 3 2 )  and  P s ^ ( z , i f )  may be  e x p r e s s e d  i n  t e r m s  o f  
Q s ^ i z , ^ )  by f o r  e x a m p l e ,  r e a r r a n g i n g  ( 5 . 1 9 ) .
T h e r e f o r e  i t  i s  c l e a r  t h a t  ( 5 . 3 3 )  s u f f i c e s  t o  e x p r e s s  any 
o n e  o f  t h e  B e s s e l  f u n c t i o n  s e r i e s  i n  t e r m s  o f  L e g e n d r e  
f u n c t i o n  s e r i e s ,  a n d  v i c e  v e r s a .  F o r  f u r t h e r  p r o p e r t i e s  
o f  t h e  j o i n i n g  f a c t o r s ,  a n d  r e f e r e n c e s  s e e  [ 5 b ]  o r  [ 1 0 ] .
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THE EXPRESSION FOR >s  IN TERMS OF yA, AND “O  
An e x p r e s s i o n  f o r  'h U 'O  i n  p o w e r s  o f  c a n  be  o b t a i n e d  
e m p l o y i n g  t h e  t e c h n i q u e  o f  i n f i n i t e  d e t e r m i n a n t s  o r  more  
c o n v e n i e n t l y ,  c o n t i n u e d  f r a c t i o n s ,  u s i n g  t h e  t h r e e - t e r m  
r e c u r s i o n  r e l a t i o n  ( 5 . 1 6 )  a s  a s t a r t i n g  p o i n t .  The 
c o n t i n u e d  f r a c t i o n  a p p r o a c h  h a s  t h e  a d v a n t a g e  o f  p r o v i d i n g  
e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  a £ jVP( y ) a s  w e l l .  The 
p r o c e d u r e s  a r e  a n a l o g o u s  t o  t h o s e  u s e d  i n  d e a l i n g  w i t h  
M a t h i e u s  e q u a t i o n ,  s e e  [ 8 ,  p a g e  5 5 7 ]  o r  
[ 5 b ,  Ch.  1 6 . 2 ] .  F o r  t h e  S p h e r o i d a l  e q u a t i o n s  c a s e  s e e  
a l s o  [ 1 0 ]  and  [ 1 2 ] .
As >\ i s  e x p r e s s e d  a s  a f u n c t i o n  o f  t h e  v a r i a b l e  among 
o t h e r s  v w i l l  h a v e  t o  be  d e t e r m i n e d .  The r e l a t i o n  f o r  
f i n d i n g  v  w i l l  be  d e r i v e d  i n  t h e  n e x t  c h a p t e r  a n d  i s  q u i t e  
c o m p l i c a t e d  a s  i t  i n v o l v e s  t h e  j o i n i n g  f a c t o r s  K y ( ^  ) and
K . l ( ^ ) .
I n  g e n e r a l  v w i l l  be  c o m p l e x ,  b u t  R e v  = - 1 / 2  e n s u r i n g  
t h a t  X i s  a l w a y s  r e a l .
When 'V = o o u r  e q u a t i o n  ( 5 . 1 3 )  r e d u c e s  t o  L e g e n d r e s  
e q u a t i o n ,  and  ( a s  p r e v i o u s l y  d e s c r i b e d  i n  Ch. A)  i n  t h a t  
c a s e
> \  -  •v>(s>+ 0
■o i s  t h e n  e x p r e s s e d  i n  t e r m s  o f  a nd  "x c a n  be e x p l i c i t l y  
d e t e r m i n e d .  The same p r i n c i p l e s  a p p l y  i n  t h e  c a s e  o f  t h e  
S p h e r o i d a l  e q u a t i o n ,  b u t  t h e  r e l a t i o n s  a r e  s u b s t a n t i a l l y  
mor e  d i f f i c u l t  a n d  c a n n o t  be  s o l v e d  e x p l i c i t l y .  We g i v e  
two m e t h o d s  w h i c h  a r e  commonl y  u s e d  i n  t h e s e  c i r c u m s t a n c e s .
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I f  we w r i t e  t h e  r e c u r r e n c e  r e l a t i o n  ( 5 . 1 6 )  i n  t h e  f o r m:
( s e e  [ 1 0 ] )
THE INFINITE DETERMINANT METHOD
Where
( 5 . 3 9 )
 L , (-V+T-<~ -  y ) ( v 4  'V<' -  y- l)
'r  ^ ' r C'NJ + K  - ^ X v  + T.'T + ' / t  )
W  -  - Ì -  ( v  -*• v  ±  •*- v* +• O
* £*0 4- 4- V O C  V  ^  i/* i. ^  ( 5 . 4 0 )
C v  = v  ^ «■ t O ; r " - \
C U r  -  O-Vj•v*'(r^ ^
T h i s  i s  a s e t  o f  l i n e a r  h o mo g e n e o u s  e q u a t i o n s
r • * T ‘ r - ^i
CD T5” « 1 CD c=> I >3 0 0 o . • • a.b
a -•*
0
0
... o 0 A-i / 0C>-, 0 o . • « CX. t 0
.. . o 0 0 Ak„ 6^ >o 0 ■. » a® o
. . .  o o O 9*. 1 0ft, a .* i. * j
0
0
t
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and t h e  c o n d i t i o n  f o r  t h e i r  n o n - t r i v i a l  s o l u t i o n  i s  t h a t  
t h e  d e t e r m i n a n t
1 0 U 0 o 0
O ek- 1 0 ft-, o o
0 o \ ©<!>* 0
0 o o 0kl \ eft,
( 5 . 4 1 )
From [ 1 6 ,  p a g e  36]  we c a n  s e e  t h a t  t h i s  d e t e r m i n a n t  i s  
a b s o l u t e l y  c o n v e r g e n t  b e c a u s e  t h e  p r o d u c t  o f  i t s  d i a g o n a l  
e l e m e n t s  i s  c o n v e r g e n t  ( t o  o n e ) ,  and  t h e  sum o f  t h e  
o f f - d i a g o n a l  e l e m e n t s  i s  a b s o l u t e l y  c o n v e r g e n t .  T h i s  c a n  
be  s e e n  f r om t h e  e x p r e s s i o n s  f o r  Ar  , and  Br  wh e r e  
\Ar l a nd  |  Br |~  T  ^ a s  "C-*i oo .
When ^  i s  s m a l l  e n o u g h ,  t h e  c e n t r a l  3 x 3  d e t e r m i n a n t  
g i v e s  \  t o  0 ( \ ' ’ ) . 
i . e .
1 -  e ' ( M .  -  *  °
S u b s t i t u t i n g  i n  t h e  v a l u e s  f o r  AQ A^,  BQ a n d  B^ 
g i v e s  us
v ( v « - o - t L i +  V  +
(>>!}*■' > X~v- \)C -NJ+frO _ ( v -  ^ * OC.V- fr*** Xv-»
- v x ^  “ 0  • + 0  (> -o  +- > X ^  4-sV . ( 5 v + O
X
2.
+ 0 < S ‘ )  .
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By t a k i n g  h i g h e r  o r d e r  d e t e r m i n a n t s ,  b e t t e r  a p p r o x i m a t i o n s  
f o r  ^  c a n  be  f o u n d ,  t h o u g h  t h e  p r o c e s s  q u i c k l y  b e c o me s  
u n w i e l d l y .
CONTINUED FRACTIONS
T h i s  i s  c o m p u t a t i o n a l l y  mor e  e f f i c i e n t ,  a nd  p r o v i d e s  
e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  a ^ s ' )  a s  w e l l .  I f  we 
r e - a r r a n g e  ( 5 . 3 9 )  we c a n  o b t a i n  t h e  f o l l o w i n g  r a t i o s :
^  *Lf . 1 ...
a nd
Q.
T h e r e f o r e
Hence
a l.J'C-h a:„U')R,Rv...R,
(5.43)
90
The e x p r e s s i o n  f o r  e q u i v a l e n t  t o  ( 5 . 4 1 )  c a n  be  d e d u c e d  
f r om
( 5 . 4 4 )
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CHAPTER 6
THE TITCHMARSH-WEYL COEFFICIENTS WHEN ^  = 0
I ^
In  t h i s  c h a p t e r  we c o n s t r u c t  t h e  f u n c t i o n s
yk f v
and w h i c h  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s :
0 C o 3 =  J. , e ' t o o  =  o
(J)Co) = O , $ ' ( 0 )  = - 1
We r e c a l l  f r o m C h a p t e r  2 t h a t  an  L2 s o l u t i o n  V U ; \ )  o f  
a s e c o n d  o r d e r  s i n g u l a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,  
may a l w a y s  be  c o n s t r u c t e d  f r om t wo s u c h  s o l u t i o n s  i . e .
=  0 o j >o  * w c v > .  ,
U
The f u n c t i o n s  w i l l  be  c o n s t r u c t e d  f r om t h e  P S v ( z ; V )  and  
Q s t ( z ; - < ) ,  s o l u t i o n s  t o
«u
V  +  ( X  +  V O -  f O -  T ^ z  ) v |  -  o  ( 6  1}
o b t a i n e d  i n  ( 5 . 1 4 ) .
Then t h e  s u b s t i t u t i o n  i n  0 (  z ) ,  a nd  (j) ( z ) o f  z = i  x , x £ R 
p r o v i d e s  t h e  s o l u t i o n s  t o  t h e  b a l l o o n i n g  e q u a t i o n
( 6 .2 )
Us i n g  t h e s e  e x p r e s s i o n s  ( 0 ( x ) ,  and  <|>(x)) we l o o k  f o r  
s o l u t i o n s  t o  ( 6 . 2 ) .
=  0 j C * ; > O  •+■ M . v C x r O ^ v U ; * )
wh i c h  i s  L2 ( -  oo , 0)  and ( 6 . 3 )
9 vV ; y ) +
?
wh i c h  i s  L ( 0  , oo ) .
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T h i s  i n v o l v e s  c o n s t r u c t i n g  t h e  T i t c h m a r s h - W e y l  m ( \ )  c o ­
e f f i c i e n t .  B e c a u s e  t h e  p o t e n t i a l  f u n c t i o n  q ( x )  i n  t h i s  c a s e  
i s  e v e n ,  f r om t h e  t h e o r y  i n  C h a p t e r  2 ,  we c a n  d e d u c e  t h a t  
9  ( x )  a nd  <f> ( x )  a r e  e v e n  a nd  odd f u n c t i o n s  r e s p e c t i v e l y .  
T h i s  i m p l i e s ,  i n  t u r n ,  t h a t  m ^ ( ? 0  = - m2 ( X ) .
I t  w i l l  be  shown t h a t  t h e  m ( X )  f u n c t i o n s  c a n  be e x p r e s s e d  
i n  t e r m s  o f  t h e  j o i n i n g  f a c t o r s  ( "S ) ,  a nd  K ^ , ( N ) .  The 
p o l e s  and  z e r o s  o f  t h e  m ( > . )  f u n c t i o n s  t h e n  g i v e  i m p l i c i t  
e x p r e s s i o n s  f o r  t h e  e i g e n v a l u e s  X *  c o r r e s p o n d i n g  t o  t h e  
e i g e n f u n c t i o n s  <f >( x ; X*0 and  0 ( x ;  > .*0  r e s p e c t i v e l y .
F i n a l l y  i t  w i l l  be  shown t h a t  a s S - » o  m(x  , "i ) —* m("K , 0)  
wh e r e
w . % , <0 -  aJ } 1 )  P u
-  \ . v 0  T (  x  v \ v
i s  t h e  m ( > . )  f u n c t i o n  f o r  L e g e n d r e s  e q u a t i o n  d e d u c e d  i n
( 4 . 3 0 ) .  We o b s e r v e  f r om ( 5 . 1 4 )  t h a t  t h e  s o l u t i o n s  t o  ( 6 . 1 )  
n e a r  Î-1 a r e
p / „ c - v , s > ¿ > 0 " „
i - Q V ^ a -V)  G i L ^ C O  ( 6 ' 4)  
-  *0
y .  -vV -  O  , t  \  ,±  “L . . .
Where t h e  L e g e n d r e  f u n c t i o n s  a r e  d e f i n e d  f r om 
[ 5 ,  P a g e  1 2 6 ,  ( 2 2 ) ]  a s  f o l l o w s : -
( 6 - 5)
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where and F ^ are Gauss hypergeometric functions
( 6 . 6 )
Not e  t h a t  b o t h  a r e  e v e n  F u n c t i o n s  o f  z .  The c o n s t a n t s  i n  
( 6 . 5 )  a r e  g i v e n  by
a ,  -  [ T ( i O  - v -  k - * 0 ) .
( 6 . 7 )
b e  = - ü f r e y  -  V' t - ^ y )  . p c ^ t t v  +
Al s o
of ■ ' < ) ^  i ' t 1* -1 )  t r  F, C O  +- civ- Ti F-xC* ) ]O*. V 4.«K ^  J
wh e r e  F^ a nd  F^ a r e  a s  i n  ( 6 . 6 ) ,  w h i l e  f r om 
[ 5 ,  Page  1 3 4 ,  ( 4 0 ) ]
^  _  [  Gf e(  ' + ^ + £
à -  P C \ C a  v O )
1 _  r c ^  ~v  3
We r e c a l l  t h a t  0 ( z )  and  <£>(z) a r e  s o l u t i o n s  wh i c h  a r e  e v e n  
and  odd f u n c t i o n s  r e s p e c t i v e l y , Su c h  t h a t  t h e i r  W r o n s k i a n  
w ( Q ( o ) ,  <£> ( 0 ) ) = 1.
(6 .8 )
( 6 . 9 )
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He n c e ,  t h e r e  a r e  s o l u t i o n s  t o  ( 6 . 1 )  wh i c h  a r e  l i n e a r  
c o m b i n a t i o n s  o f  i t s  t wo s o l u t i o n s  Ps ^ ( v , " <)  and Qs ^ ( t: ; '*) 
s a t i s f y i n g  t h e  a b o v e  c o n d i t i o n s .  Thus  we c a n  w r i t e :
0 v C ' t ; ' i )  = K  P s v O * ; ' * }  +• I L Q i s t c ^ ; ' * )
= IMPsvCv^O + IN QsïC'fc-i'O
wh e r e  K, L, M, N a r e  f u n c t i o n s  o f  ^ , v  o n l y .
(6 .1 0 )
THE Q ^ ( x  ; ) FUNCTION
U s i n g  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . A) ,  ( 6 . 5 )  and ( 6 . 8 )  i n  
( 6 . 1 0 )  we o b t a i n :
L £ c - o V w i c X e o  -  .
( 6 . 1 1 )
We o b s e r v e  t h a t  0 ( z )  i s  an  e v e n  f u n c t i o n ,  t h e r e f o r e  t h e  
odd p a r t s  o f  ( 6 . 1 1 )  mu s t  c a n c e l .  T h i s  i m p l i e s  t h a t :
K . - O - i s  -
D>r
S u b s t i t u t i n g  f o r  d r  a nd  b^ f r o m ( 6 . 9 )  and ( 6 . 7 )  we
o b t a i n
IK =
^e L|AtT 1L ♦jO jj(V  \y -iv* + 0
O - ' ï )  ■=. Tî cTï tU s i n g  t h e  f a c t  t h a t  I C t} | U i J w L«-»4i . *  We c a n  
w r i t e
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=  S c ^ C - v  -  y  - •* < • ) / r r  -  
r  - C -  ^ ) / t t
TUT <.
I f  we r e w r i t e  o . s ( r O  we h a v e
_  - T Y l L e ^ ' v )  
l r \  ”  ( 6 . 1 2 )
L c a n  be  f o u n d  f r om t h e  c o n d i t i o n  0 ( o )  = 1.  The e x p r e s s i o n  
f o r  © ( z )  c a n  now be  w r i t t e n :
6{o o ?b^ ^ L | > oV w [^ ^ ^  -  e ^ c  ,]fcv>.
U s i n g  ( 6 . 7 ) ,  a n d  ( 6 . 9 )  we o b s e r v e  t h a t
—\< ('S i> • ~
— a ,  . , . .
*— — ¡sr; ’ r  •+- r  ( 6 . 1 3 )
i s  e q u a l  t o
- T r <27 __________ __
V +  y O P C i " ,i ' v “ ‘t vl - ' r ) i  + - t »  --tv* * 0
^  P O  + i V - ^  + T )
\T
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_  *v )  f a  ^  l S j ^ ( n > * yO T c V
% .v ( \ + & 'k . + + >cx  s ^ ^ + v o r c v ^ - T . v - ' O
We n o t e ,  u s i n g  Vc*i. -TTCac^
r C ^ ' v + ^ + > ^ r C - t - ^ - ^ V ' - ' 0  -  F^ a L t',
t h a t  
.c
C » o  'iC.V'*' vO
w n i c h  i m p l i e s  t h a t  ( 6 . 1 3 )  i s  e q u a l  t o
1 +  t , ' 7 £ ~ ! < N n - lO
l  9 o ~ ? b > ^ r o L - v ' - ^ - - o
We o b s e r v e  t h a t
^  _  o ^ C v  + j* )
1 - n T f e . v ^  Cv +Va)  =
Hence  ( 6 . 1 3 )  b e c o me s
litCO-V^O
T T Q ^
on u s i n g  t h e  f a c t  t h a t  9 .C o " i  5 c.h ^  = ^ i> v ,n .':t  ,
S u b s t i t u t i n g  t h i s  b a c k  i n t o  t h e  e x p r e s s i o n  f o r  0 ( z ) ,  and  
p u t t i n g  z = i x  we f i n a l l y  o b t a i n
© v U ; - 0  =
. a " r f t  ¿ ^ * ^ 0  « c - p ^ l L .  < ^ C - i f a v , ^ ) - T ' ( * • )
R h 5 3 ^ 5 T ( ^ - ^ v - L ll--r') ( S - 1 4 )
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THE J k  x ; i )  FUNCTION
S u b s t i t u t i n g  t h e  r i g h t  h a n d  s i d e  o f  ( 6 . 4 ) ,  ( 6 . 5 )  and ( 6 . 8 )  
i n t o  t h e  e x p r e s s i o n  f o r  <^(z) i n  ( 6 . 1 0 ) ,  we o b t a i n
( J > v ( v '0 =  '¡j
+ - e W  £ ( -  o 'o ! l . „ c x - £ c J \  <*> 1  d r  *  F I « ' ) ] ( 6 . 1 5 )
No t e  i n  t h i s  c a s e  t h a t  <b( z )  i s  an  odd f u n c t i o n  wh i c h  
i m p l i e s  t h a t  t h e  e v e n  p a r t s  o f  ( 6 . 1 5 )  mu s t  c a n c e l .
Hence
I M o ,  4 - ¿ " " I N c ,  -  o  .
S u b s t i t u t i n g  t h e  e x p r e s s i o n s  f o r  £*«■ a nd  C» i n  ( 6 . 7 )  and  
( 6 . 9 )  i n t o  t h e  a b o v e  e q u a t i o n ,  y i e l d s  upon  s i m p l i f y i n g :
im = «■> re*-
“  12.G>oi£.Cv-*- \+~)
( 6 . 1 6 )
N c a n  be  f o u n d  f r om t h e  c o n d i t i o n  t h a t  <j>' (o) = - 1 .
<j)( z )  c a n  be w r i t t e n  a s
0 C O  =
Cm- 00
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Now u s i n g  ( 6 . 7 )  and ( 6 . 9 )  we f i n d  t h a t
IM k  HNdUe1""
 ___________________________
( v  + v O T \ i +1 v  -  -*& ** + O p -  - t  ^  - ^ 0
A f t e r  some s i m p l i f i c a t i o n  we o b t a i n  t h e  R . H . S .  e q u a l  t o
\\
k ? ~  k*+ 'r '>
- l  -
A g a i n  we o b s e r v e  t h e  e l e m e n t a r y  t r i g o n o m e t r i c  i d e n t i t y
n ^ C v i - K )
-  C — C L c ff icC v -*■ VO =  7T-.—  “
Hence
Mb, ^ H N d u
__________________^ r l N  ____________________
‘^ c.v.TrC'V -V vOrY-v-*- K +>r5P C V  '  a,^  " v 3
on p e r f o r m i n g  t h e  s ame m a n i p u l a t i o n s  a s  i n  t h e  0 ( z )  c a s e .  
E m p l o y i n g  t h e  s u b s t i t u t i o n  z = i x ,  we c a n  now w r i t e  down 
t h e  e x p r e s s i o n  f o r  ; ^ ) .
= ‘¿ I s i l  * ¿ 1  ^ " 5^  lf\]y~(:o V , , , t(^v) F l o p
7 Z ~ S V ^ ^ f C ^ v »*-*•)(6-17)
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T HE CONSTRUC TION OF THE m£ ( y  ) FUNCTION ( F OrV ^ O )
We a r e  now i n  a p o s i t i o n  t o  c o n s t r u c t  t h e  two f u n c t i o n s
^ v C x - . V ) 3  © U * . ; * 0  +
and
0 S t * ; ' O  + V v \ ^ C ' < ' - ) < t > v C a c ; ' 4 ) .
2 2 Wher e  i s  L ( - 00 , 0 ) ,  a n d  i s  L ( 0 , « o ) .  F o r  t h i s  we
a a
n e e d  t o  c o n s t r u c t  t h e  f u n c t i o n s  m ^ ( ’x , x ) ,  and m2\,(>»,',t ) .
Now f r om Ch.  2 when ( 6 . 2 )  i s  t r a n s f o r m e d  t o  s t a n d a r d  f o r m 
[ 1 5 ,  p a g e  2 2 ] ,  we f i n d  t h a t  t h e  p o t e n t i a l  t e r m  q ( x )  i s  an 
e v e n  f u n c t i o n .  T h i s  i m p l i e s  t h a t  m ^ ( 'k / 'O  = -m * (V,,"* ) .
Hence  we o n l y  h a v e  t o  d e a l  w i t h  t h e  [ 0 , 0 0 )  i n t e r v a l  i . e .  
f i n d  v ( \ » ,' t )  • As a l r e a d y  n o t e d  ( x )  i s  o f  i n t e g r a b l e  
s q u a r e  a s  x -* * a  t h e r e f o r e  i t  mu s t  be  a m u l t i p l e  o f  o n e  o f  
t h e  s o l u t i o n s  o f  ( 6 . 2 )  c o n v e r g e n t  a t  «0 .
Thus
H ^ 5 ( x ;* )  = h y ( x ) ,  ( 6 . 1 8 )
w h e r e  h i s  a c o n s t a n t .
Wh e n Hk >  0,  t h e  s o l u t i o n  y ( x )  a s s o c i a t e d  w i t h  t h e  c o r r e c t  
a s y m p t o t i c  b e h a v i o u r  a s  x —**0 i s
S , c i * s N j .  (619)
From ( 5 . 2 7 , 2 8 )  we r e c a l l  t h a t  S ^ i s  a l i n e a r  c o m b i n a t i o n  
o f  H a n k e l  f u n c t i o n s  w h i c h  a r e  s m a l l  a t  i n f i n i t y  on t h e  
p o s i t i v e  i m a g i n a r y  a x i s ,  i . e .  i n  t h i s  c a s e  when x i s  r e a l .
The c o n t i n u a t i o n  o f  S ¿ f i x * )  o n t o  t h e  [ 0 , 1 )  i n t e r v a l  c a n
be e x p r e s s e d  a s  f o l l o w s : -
-  1 0 0  -
therefore
(6 .2 0 )
U
The c o n s t a n t s  A and  B i n v o l v e  t h e  j o i n i n g  f a c t o r s  Kv ( ^  ) ,  
and  K^_(( ^  ) and  a r e  f o u n d  a s  f o l l o w s :  From ( 5 . 3 2 )  we ha v e
ftO
and  f r om ( 5 . 3 3 )  we know t h a t  Sv ( z ; ' i )  i s  a m u l t i p l e  o f
Qs J L ( z ; * )
S *  C t  >O  -  O O S : - ^  Cv - v* ) ^  ^  0 K ! l x 'v)  Q s  1 . , U ; x )  .
• HO,We c a n  f i n d  t h e  e x p r e s s i o n  f o r  S,v. , ( z ; v )  i n  t e r m s  o f
Q s ^ ( z ; V )  by c h a n g i n g  v  t o  - v - 1 ,  He nce :  
t h e r e f o r e
Ci?o^v> —
I
f t * r  ^ K .V )  +
+  S ^ C v ^ ^ ) e uC' J ' v" U K ^ i U ' )  Q ^ C - t ; * ) ]
(6 .2 1)
Al s o  f r om ( 5 . 1 9 )  we h a v e  t h e  i d e n t i t y
S ,u v ,rr r ( . v - - ^ ) Q % ^ . lC-k;■»')= <2- ^ C jo r? v  P s  V( v , O .
o  M cs)
h e n c e  C o ~  T r ^  S v C*v; ' O  -
e ; " ; c ' v * ^ X c ^ c W v P s V . o ]  t
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O  I* v
O ; " * )  -
Simplifying we find that
K >t v ) +  ^ k l c ^ )
C e o '^ 'v
Q s v^ ’) ^ )
-h <£  * ( 6 . 2 2 )
ttl>)S^( z ; "<)  i s  now i n  t h e  r e q u i r e d  f o r m whe r e
a  =  <£'"v ‘ k V )
and  ( 6 . 2 3 )
o ^ v l ® -  K v C ^ + ^ Q -  K „ , C v ) J
From ( 6 . 1 8 )  and  ( 6 . 2 0 ) ,  w r i t i n g  m ^(v ,,S )= m , we h a v e
[K ■+- tort M]P^ vg*^ +Ql + wtN]Q 
-  V i C ^ ^ 7 J a R ^ c»-31^ )  -*-UG u v( l * i^ 5 ]
h e n c e
k  + w j M * - i £ $ y A
;
IL +mlN = J
(i)
( i l )
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M u l t i p l y i n g  ( i )  by 0 and  ( i i )  by A and  r e a r r a n g i n g ,  we f i n d
AIL -  PIK
We mu s t  now l o o k  f o r  t h e  z e r o s ,  a n d  p o l e s  o f  m
THE POLES OF m
The p o l e s  o f  m o c c u r  wh e r e
E.1M  -  AM =  o ( a s s u m i n g  AL -  BK £ 0)
S u b s t i t u t i n g  f o r  t h e  v a r i o u s  q u a n t i t i e s  f r om ( 6 . 1 8 )  and
( 6 . 2 3 )  y i e l d s :
I N * 0  .
r e a r r a n g i n g  we h a v e
(6.25)
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W r i t i n g  t h e  t r i g o n o m e t r i c  f u n c t i o n s  a s  e x p o n e n t i a l s  we 
o b t a i n
t h e r e f o r e  t h e  c o n d i t i o n  f o r  m t o  h a v e  p o l e s  i s
T_____ ZEROS OF m
The z e r o s  o f  m o c c u r  wh e r e
AIL- -  B IK = °
Ag a i n  s u b s t i t u t i n g  i n  f o r  t h e  v a r i o u s  q u a n t i t i e s  f r om 
( 6 . 1 2 )  and  ( 6 . 2 3 )  y i e l d s
Kvcv)
(^ é(y*-v ) ç e0 u(.v + ^  3 ^ nv; I N
C ^ T V V :[à w ‘K lc^ )+cew ‘ K :> ') ]  ,
IL *  ° i
r e a r r a n g i n g  we h a v e
|jC io  TTv  — < 3  ^  ^  Ceo^C'v-v-M ^ K v C x '1’)
. 2 6 )
. 2 7 )
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A g a i n  w r i t i n g  t h e  c o s i n e s  a s  sums  o f  e x p o n e n t i a l s ,  we f i n d  
on s i m p l i f y i n g  t h a t
T h e r e f o r e  t h e  c o n d i t i o n  f o r  m t o  h a v e  z e r o s  i s
Hence  f r om ( 6 . 2 4 )  we f i n d  t h a t
( 6 . 2 8 )
( 6 . 2 9 )
At  >s = \ v> L a nd  N do n o t  h a v e  any z e r o s  o r  p o l e s  b e c a u s e
t h e n  t h e  e i g e n f u n c t i o n s  wou l d  e i t h e r  v a n i s h ,  o r  c e a s e  t o  be 
2
L . L o r  N c o u l d  h a v e  b r a n c h  p o i n t s ,  b u t  a s s u m i n g  t h e  
t h e o r e m s  o f  [ 1 5 ,  C h . 5]  t o  h o l d  t h e n  a s  q ( x ) - * o *  t h e r e  i s  
no c o n t i n u o u s  s p e c t r u m ,  o n l y  a d i s c r e t e  o n e ,  b o u n d e d  b e l o w .  
The c o n d i t i o n  t h a t  ( 6 . 2 9 )  be  z e r o  o r  i n f i n i t y  c o r r e s p o n d s  
t o  e q u a t i o n  ( 3 . 8  o f  [ 1 2 ] )  w h i c h  was  o b t a i n e d  by t o t a l l y  
d i f f e r e n t  m e t h o d s ,  w i t h o u t  a p p e a l i n g  t o  t h e  T i t c h m a r s h -  
- Weyl  t h e o r y .
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THE EXPRESSI ON FOR m j ( x , s )  a s S - » Q
I n  t h i s  s e c t i o n  we show t h a t  a s ' t - ^ O ,  i \v (v , '< )  r e d u c e s  t o  
t h e  m(>\) f u n c t i o n  o b t a i n e d  f o r  L e g e n d r e s  e q u a t i o n  i n  
C h a p t e r  4 ( 4 . 3 0 ) .  We c o n s i d e r  L e g e n d r e s  e q u a t i o n  t o  be  t h e  
u n p e r t u r b e d  e q u a t i o n ,  i . e .  p r i o r  t o  t h e  a p p l i c a t i o n  o f  
t h e  ' { ( U x ' )  t e r m .
To b e g i n  w i t h ,  we n o t e  t h e  f o l l o w i n g  p r o p e r t i e s  o f  t h e  
c o e f f i c i e n t s  a^ W ) , and  t h e  n o r m a l i s i n g  c o n s t a n t  
Av('O’) g i v e n  i n  [ 1 0 ] :
f r o m t h e  c o n t i n u e d  f r a c t i o n  r e p r e s e n t a t i o n
+V*
a v, „  to )  = o
and  ( 6 . 3 0 )
a i , 0c O  = I
Hence  we h a v e
A „V ) -  -  i  ■«
X -  04
a l l o w i n g 1^  t o  t e n d  t o  z e r o  i n  ( 5 . 3 8 )  y i e l d s
»
r c v v £
\ i * f  \  f  f o + v - v o e ^ r c v - ' OKvC-^ ") ~  a U J  ■ r v ^ 3  '
s i m i l a r l y
\/* r~i*i -  r w r ( - v + x )
)  a  ^  - e  ~ r u - ~
as S - *  o .
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h e n c e  u s i n g  ( 6 . 2 9 )  u ,  \
'Y'A'JvC'V. » ^ )  ~
N l  r e * . v o   r c i ^ o --------------------------.
rc*-o&♦e^ il. I „~v~' rWV..Vfi-¿"""’jT1 
I  r c v ^ o  r a - ^ >  j
a s  0.  I f  we f a c t o r  o u t  a nd  t a k e  t h e  l i m i t  a s " i —> 0 ,
we o b t a i n ,
A 't f c ^ + v 'y
^ - e l t nvfc* 1 \ M
( 6 . 3 1 )
<. Coo^O*-**0) jl__
We c a n  f i n d  e x p r e s s i o n s  f o r  L a nd  N when ^  = 0 f r om t h e  
b o u n d a r y  c o n d i t i o n s  on 9  and  (j> a t  x = 0.
We h a v e
0 v C o , o ) =  I  .
T h i s  i m p l i e s
c , ^  ¿ 4 c - ^ - o l    _
S ^ - ^ C . V V l A ' ) P O + ^ V - ^ ) P ( ^ J . - V V) _ ^ y A )  )
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Hence
it __
II— "■ ° £  t v 14, < 2 /% ^  y  *-V )  *
" * ' »  o  .
A l s o  f r om
^ ( o ;  o )  = -  l  ,
We h a v e
• ¿ V ^ d f o ^ l N  =  .  i
( y  +-y}T(V* " tvO  f X ^ v  -  t v )
Whi ch g i v e s  us
i k i ^ ^ » ^ r c v ^ - ^ o r c - f c v - j v p  
uM “  * i r ‘ i f * -  < ^ C y ' * o  *
" * % :  o  .
T h e r e f o r e
J U  =. ^ ( u ^ v  -  ^ v O T O » : -  k y -  k v )
S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  ( 6 . 3 1 )  we o b t a i n
\ a i \ * ( v o >> -  ~ ^ V ( $ r k y - k t )
I f  we u s e  t h e  i d e n t i t i e s
(“4r.V -  V .V 'lP '(\ V ^ v  A* h.Y' 'j — — — ---  — ----------- ^» '  1' V I  C; ■3r(
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— ------------------ -ZL_------------------------   _  c o o '^ c -v  * yo
\ C t + “ ‘k v O  Tr
and
t h e n  upon  s i m p l i f y i n g  we f i n d  t h a t
 ^ ^  3 P Q
^ v ( >  * =  ' V c i + k r *  -  iV* )  n  C V
Whi ch a g r e e s  w i t h  ( 4 . 3 0 ) ,  a s  we s e t  o u t  t o  p r o v e .
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